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Abstract

In Ehrhart theory, the local h*-polynomial is a fundamental invariant of a lattice polytope. Its coef-
ficient vector, the local h*-vector, is the coefficient vector of the top degree part of the Hodge-Deligne
polynomial of the primitive cohomology with compact support of the associated generic hypersurface in
the algebraic torus. In the literature on hypergeometric motives, the Hodge vector of a lattice polytope is
its local h*-vector with leading and trailing zeroes removed. Of recent special interest are thin polytopes
whose Hodge vectors vanish.

Given lattice polytopes Pi, ..., P contained in a k-dimensional subspace U C R? and a d-dimensional
lattice polytope P C R? we compute the Hodge vector of the Cayley polytope P;  --- x P, * P, and
show that it equals the mixed volume of Py, ..., P; times the Hodge vector of the projection of P along
U. This allows finding infinitely many high-dimensional lattice polytopes with the same Hodge vector
that are not free joins. The proof relies on a closed formula for the Hodge-Deligne polynomial of generic
complete intersections in the torus in terms of the bivariate/mixed h*-polynomial. A special case of
our construction is what we call Lawrence twists: extending the Gale transform by centrally-symmetric
pairs of vectors. As applications, we can produce many new thin polytopes answering a question by
Borger, Kretschmer and the second author, and we provide an alternative explanation of the thinness of
Bj-polytopes answering a question of Selyanin.

1. INTRODUCTION AND MAIN RESULT

Let P be a d-dimensional lattice polytope, i.e., a d-dimensional polytope in R% whose vertices
are elements of the lattice Z?. Consider the associated affine hypersurface

Zp : {xe(CH: Z emz™ =0 o,
mePNZ4

where ¢, are complex numbers that are non-zero if m is a vertex of P. We consider situations
only when ¢, are sufficiently generic, namely we require Zp to be P-regular in the sense of
Batyrev, see [Bat93, Definition 3.3].

As will be recalled in Section 2, the Hodge-Deligne polynomial of the primitive cohomology
of Zp can be written in the following form

Epim(Zp;u,v) Z hy quPv? (1.1)
p+q<d—1
for nonnegative integers hy, , that satisfy Hodge duality hj, , = hg ,. These numbers were termed

by Katz and Stapledon [KSlG Remark 7.7] as coefﬁ<31ents of the h*-diamond of P and have
purely combinatorial expressions [DK87, BB96, BM03, KS16] in terms of invariants of P.
Let us recall the main notion in classical Ehrhart theory. The Ehrhart series, the generating
series of the famous Ehrhart polynomial of a lattice polytope, is the following rational function:
h*(P,t)

d |tk _
1+ [kPNZA | th = —pT

k>1 (1

Its numerator h*(P,t) =1 —i—Z?:l hit! is called the h*-polynomial of P, and its coefficient vector

(1,h7,...,h}) its h*-vector. A direct relation to algebraic geometry is given by the fact that for

i =1,...,d the ith coefficient of the h*-polynomial of P equals the sum over the ith diagonal
1
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of the h*-diamond (i.e., h} = Z?;g hi_; ;). Hence, the sum over all entries of the h*-diamond
plus one equals the normalized volume of P (which is defined as d! times the Euclidean volume
of P).

The palindromic top degree coefficient vector (h;;_ljo, by 91s---shg, 4—1) of the
h*-diamond is called the ¢*-vector or local h*-vector £} of P. This invariant was originally
proposed by Stanley [Sta92] in the context of polyhedral subdivisions and turned up inde-
pendently in the combinatorial formulas for stringy Hodge numbers by Batyrev and Borisov
[BB96, BNO8, NS12]. The study of local h*-polynomials can also be referred to as local Ehrhart
theory. We refer to [BKN23] for a comprehensive overview of the literature. In this paper, we
emphasize its appearance in the theory of hypergeometric motives [RRV22]. From this view-
point the question becomes relevant whether lattice polytopes of different dimensions can have
the same £*-vector up to a different number of outside zeroes. Let us make the notation used in
this research community precise:

Definition 1.1. The Hodge vector of P is defined as the zero vector if £, = 0, and otherwise
as the vector ¢} without beginning and trailing zeroes.

For instance, for ¢; = (0,0,1,0,3,0,1,0,0) the Hodge vector of P equals
(1,0,3,0,1). In this area, the following question arises naturally [RRV22, GV24]. Suppose
we have a (d — 1)-dimensional hypersurface Zp that realizes some hypergeometric motive with
Hodge vector of length | < d. Does there exist a variety V' of dimension [ — 1 realizing the
same motive with the same Hodge vector? From this perspective, it is thus important to know
what combinatorial constructions for lattice polytopes preserve their Hodge vectors in order to
recognize whether such a dimension reduction might already be possible in the toric setting.

In classical Ehrhart theory, the lattice pyramid construction provides a direct way to get
from a d-dimensional lattice polytope a (d + 1)-dimensional lattice polytope with the same
h*-polynomial. In fact, Batyrev proved in [Bat06] even a converse result, namely, fixing the
h*-polynomial forces lattice polytopes in high dimensions to be lattice pyramids. In particular,
there are up to lattice pyramid constructions only finitely many isomorphism classes of lattice
polytopes with the same h*-vector (see also [Nil08]).

As it turns out, in local Ehrhart theory the situation is quite different and much more open.
Note that because of palindromicity, the dimensions of lattice polytopes with the same Hodge
vector need to have the same parity (even/odd). In fact, the Hodge vector of any lattice pyramid
just vanishes, see [BN08, Lemma 4.5]. One easy way though to get a (d + 2)-dimensional lattice
polytope with the same Hodge vector is to take the free join with a lattice interval of length 2
(see 2.3). This motivates the question, whether there are other possibilities for preserving the
Hodge vector.

In this paper, we present a general construction that allows finding infinitely many higher-
dimensional lattice polytopes with the same Hodge vector that are not free joins.

For this, let us recall that the Cayley polytope Py * - -- % Py of lattice polytopes Pi,..., P in
R? is defined as

Py %% P i=conv(Py x {e1},..., Py x {ex}) € RY x R,
We note that dim(P; - -+ % P) = dim(Py + -+ - + P;) + k — 1. Here is our main result:

Theorem 1.2. Let P, ..., Py, Pry1 C R? be lattice polytopes, where the first k polytopes are
contained in a k-dimensional rational subspace U and dim Px,1 = d > 1. Let V denote the
mixed volume MV (Py, ..., Py) of Pi,..., Py. Then the Hodge vector of P; % - Py equals V
times the Hodge vector of the projection of Pyyq along U.

The proof can be found in Section 3. It follows the original setup of the paper [DK87] by
Danilov and Khovanskii and the approach used in [DRHN19]. As a crucial tool, we present in
Proposition 2.7 an explicit formula for the Hodge-Deligne polynomial of generic affine complete
intersections in the algebraic torus.
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Let us describe how to apply Theorem 1.2 to construct infinitely many non-isomorphic high-
dimensional lattice polytopes with the same Hodge vector. Let P be a lattice polytope of
dimension d in R?. Choose a nonnegative integer k and any full-dimensional lattice polytope
P in R¥* that projects onto P by projecting onto the first d coordinates. Now, choose any
set of k lattice polytopes Pi, ..., P, in {0} x R* with mixed volume 1 (for instance’, just take
P, = --- = Py as the convex hull of the last & standard basis vectors together with origin). Then
by Theorem 1.2 the Cayley polytope Py * --- % Py % P of dimension d + 2k has the same Hodge
vector as P. We call such a construction a generalized Lawrence twist, see Theorem 3.1.

We refer to the most special case of the construction of Theorem 1.2 as a Lawrence twist and
describe it closely in Section 4. The name comes from its Gale-dual description that involves
extending the Gale transform by centrally-symmetric pairs of vectors.

The paper is organized as follows: Section 2 contains the basics on Hodge-Deligne polynomials,
bivariate Ehrhart theory and Cayley polytopes, as well as the closed formula for the Hodge-
Deligne polynomial for complete intersections in the torus. Section 3 contains the description of
generalized Lawrence twists which implies a proof of Theorem 3.1. Section 4 discusses Lawrence
twists. Applications, open questions and relations to other papers will be presented in Section 5.

Acknowledgments. This work is funded by the Deutsche Forschungsgemeinschaft (DFG, Ger-
man Research Foundation) — 539867500 as part of the research priority program Combinatorial
Synergies. The first author thanks Giulia Gugiatti for insightful conversations, Asem Abdel-
raouf and Fernando Rodriguez Villegas for useful discussions. We also thank Christian Haase
for pointing us to [Durlg].

2. HODGE-DELIGNE POLYNOMIALS AND BIVARIATE EHRHART THEORY

This section recalls the main concepts needed for our results.

2.1. Hodge-Deligne polynomials of affine hypersurfaces in the torus. The cohomology
(with compact support) of an algebraic variety Z carries a mixed Hodge structure. This leads
to the definition of its Hodge-Deligne polynomial, also known as E-polynomial:

E(Z;u,v) =) (Z(—l)mhp’q(Hg”(Z, @)) uPv? € Zlu,v].

p,q m

Recall that E(C;u,v) = uv and E(C*;u,v) = uv — 1. Hodge-Deligne polynomials have nice
properties regarding products and stratifications:

e For varieties X and Y we have
E(X xY;u,v) = E(X;u,v) - E(Y;u,v);
o if X = 1;X; is a disjoint union of a finite set of locally closed subvarieties X;, then

E(X;u,v) = ZE(XZ-; u,v).

See [DK87] for proofs and [DRHN19] for more examples.

Our particular interest lies in affine hypersurfaces Zp in algebraic tori. Let us follow [DK87]
and discuss further basic properties of the cohomology of Zp. First of all, we can focus on
studying P of full dimension d. Otherwise, P would define a hypersurface Z}, in a torus of lower
dimension d’ and we could write

E(Zp;u,v) = (uv — 1) E(Zp; u,v). (2.1)

1Mixed volume one tuples of lattice polytopes were completely classified by Esterov and Gusev [EG15].
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Since Zp is an affine variety of dimension d — 1, by Grothendieck vanishing theorem and
Poincaré duality we know that

H!(Zp,Q) =0, for i=0,...,d—2.

Moreover, the higher cohomology groups are also well understood due to the following proposi-
tion.

Proposition 2.1 ([DK87], Proposition 3.9). There exist homomorphisms
¢i: Hi(Zp,C) —» H*((C")?,C)
that are isomorphisms for ¢ > d — 1 and surjective for i = d — 1.

Therefore, we know the cohomology of Zp except for the middle one H?~'(Zp,Q). This
motivates the following definition. cf. [Bat93].

Definition 2.2. Define the primitive cohomology of Zp to be the kernel of ¢;
PH!(Zp) := ker ¢;.

Since mixed Hodge structures form an abelian category, the cohomology PH(Zp) carries
a mixed Hodge structure. Multiplying with an overall sign, so that its coefficients are always
nonnegative, we define

Eprim(Zpiu,v) == > WPUPHI ! (Zp, Q))uPvf.
p+q<d—1

Since we know that hPP(H" P((C*)" Q)) = (Z), we can easily relate F,.;, to the Hodge-
Deligne polynomial of Zp:

(1—ww) -1

Eprim(Zp;u,v) = (=) E(Zp;u,v) + —

(2.2)
2.2. Bivariate Ehrhart theory. Let P C R? be a d-dimensional lattice polytope. It is possible
to express the polynomials E(Zp;u,v) and thus Ep.im(Zp;u,v) purely in combinatorial terms.
This has been done by in [BB96, BM03], in particular see the last equation of Proposition 5.5
in [BM03]. We refer to [KS16, BKN23] for the details.

In [KS16, Def. 7.5] Katz and Stapledon define a bivariate version of the h*-polynomial
h*(P;u,v) which they call mized h*-polynomial of P. As the term ‘mixed’ is typically used in
convex geometry for tuples of convex bodies and, moreover, a mixed version of the h*-polynomial
had already been defined in [HJKST17], we prefer the term bivariate h*-polynomial. Since we
would like to avoid in this paper any unnecessary technicality, let us just present its elegant
algebro-geometric explanation:

h*(P;u,v) =14 u v Epim(Zp;u,v). (2.3)
Note that this is a bivariate polynomial with nonnegative integer coefficients. Denoting the
coefficients of the bivariate h*-polynomial as elements of an h*-diamond, see (1.1), we get

h*(P;u,v) =1+ Z h;;’qupﬂvq“.
p+q<d-1

We remark that from the bivariate h*-polynomial we easily recover the classical h*-polynomial:
h*(P;t,1) = h}(t). The degree of h}(t) is an important measure of the complexity of a lattice
polytope and is called the degree deg(P) of P. Note that the degree is at most d.

We have h*(P;u,v) = h*(P;v,u) and the degree of h*(P;u,v) is at most d+ 1. We define the
bivariate local h*-polynomial or bivariate £*-polynomial as the top degree part of the bivariate
h*-polynomial:

*(P;u,v) Z by g uPtlydtt
p+gq=d—1
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Again, specializing to the univariate case we get the local h*-polynomial or £*-polynomial
Up(t) = *(P;t, 1) = Z;-i:l 0xt') where ;= hi 4 for i =1,....d It is a palindromic
polynomial with respect to symmetry along %. Its coefficient vector (€7,...,¢5) is the local
h*-vector or £*-vector of P and equals the middle row of the h*-diamond. We have that {7 = £}
equals the number of interior lattice points of P. In the case of special interest where £p(t) = 0,
so the Hodge vector vanishes, we call P thin. P is called trivially thin if the dimension is at
least twice the degree. Note that by palindromicity of the ¢*-vector, trivially thin polytopes are
automatically thin. For more about the properties of the local A*-polynomial and about thin
polytopes, we refer to [BKN23].

We note that if P is just a lattice point, then h*(P;u,v) = 1 and £*(P;u,v) = 0.

Rewriting (2.2) using the bivariate Ehrhart theory notation we get:

E(Zpiu,v) = @Tlv [ e (P, ) + (w0~ 1)) (2.4)

We will generalize this formula in Proposition 2.7 below.

Example 2.3. Let us illustrate the h*-diamond of a 3-dimensional lattice polytope P:

0
0 0
h3.0 hiy ho
10 ho 1
ho.o

These numbers have the following explicit combinatorial expressions (see [KS16, Exam-
ple 8.9]), where v* denotes the number of vertices of P, e* and f* denote the number of lattice
points in the relative interior of edges respectively facets of P, i* denotes the number of lattice
points in the interior of P, and (2i)* the number of lattice points in the interior of 2P:

0
0 0
7* (21)*—4i*— f* 7*
I* I*
v¥+e*—4

We remark that a lower bound theorem of Katz and Stapledon [KS16, p. 184] yields the
non-trivial combinatorial identity * < (2¢)* — 47* — f*, see also [BKN23, Cor. 4.6].

2.3. Isomorphisms, Cayley polytopes, free joins and lattice pyramids. Let us first
recall that isomorphisms or unimodular equivalences of lattice polytopes P,Q C R are given
by affine lattice isomorphisms: we write P = @ if and only if there are A € GL4(Z) and b € Z¢
with Q@ = A- P +b.

Now, let us give the definition of Cayley polytopes which turn up quite naturally when
considering complete intersections, cf. [GKZ94, BN08, DRHN19].

Definition 2.4. Let P, ..., P, C R? be lattice polytopes. Then
Py %% Py, := conv(Py x {e1},..., Py x {ex}) C RETF
is called the Cayley polytope of Py, ..., Py. Alternatively,
Py % P, = conv(Py x {0}, Py x {e1},..., Py x {ep_1}) C RITFL, (2.5)

Note that the dimension of P; - - - x Py equals dim(P; +--- + P) + k — 1.
Its degree is bounded by dim(P; + -+ - + Py) < d, see [BN07, Proposition 1.12].

In Ehrhart theory, the following special cases of Cayley polytopes play an important role.
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Definition 2.5. Let P C R™ and ) C R™ be lattice polytopes. Then

Po@ :=conv(P x {0} x {0},{0} x Q x {1}) c R*+™*!
is called the free join of P and ). We call the free join of P with a lattice point, a lattice
pyramid pyr(P) over P.

We remark that dim(P o Q) = dim(P) + dim(Q) + 1.

Recall that lattice simplices whose vertices form an affine lattice basis are called unimodular
simplices. The standard example of a d-dimensional unimodular simplex is conv(0, ey, ..., eq),
which is denoted by Ag. One can also describe unimodular simplices as successive lattice pyra-
mids over a lattice point.

The bivariate h*-polynomial is multiplicative with respect to free joins.

Proposition 2.6. Let P C R™ and @ C R™ be lattice polytopes. Then
h*(P o Q;u,v) = h*(P;u,v) h*(Q;u,v).

In particular,
0*(PoQ;u,v) = *(P;u,v) £*(Q;u,v).

We leave the proof to the reader. Is is straightforward from the multiplicativity of the £*-
polynomial [NS13, Remark 4.6(5)] with respect to free joins and the multiplicativity of the toric
g-polynomial with respect to products of posets.

In particular, we recover the well-known multiplicativity of the h*-polynomial [HT09, Lemma 1.3]
as well as that of the £*-polynomial. As an important case, note that

h*(pyr(P);u,v) = h*(P;u,v) and £*(pyr(P);u,v) = 0. (2.6)

2.4. A closed formula for the Hodge-Deligne polynomial of an affine complete in-
tersection in the torus. Consider a system of k equations in (C*)¢ given by f1 = fo = ... =
fi =0, where f; are generic Laurent polynomials with respect to their supports. Let P; be the
corresponding Newton polytopes of f;. Let Y be the complete intersection in (C*)? defined as
the vanishing locus of the above system. For @ # I C [k] we define P! as the Cayley polytope of
(P,)ic1, and d; as the dimension of the Minkowski sum of (P;);c;. Hence, dim(P!) = dy + |I|—1.
Moreover, we define P? := {0} with dimension dg := 0.

Proposition 2.7. In this situation, the following holds:

1
E(Y;u,0) = — Y (=1 W(ww — )40 (P, v).
(Y;u,v) (av)f qu}( ) (uv — 1) h*(P*;u,v)

Note that with our convention for I = & this formula agrees for k = 1 with (2.4).

Proof. We remark that it is enough to prove this in the case dim(P;+- - -+ Py;) = d. Otherwise, let
Y’ be the complete intersection corresponding to the d)-dimensional subspace aff (Py +- - -+ Py)

with respect to the lattice aff(Py,..., P) NZ% Asin (2.1) we see that

E(Y;u,v) = (uw — D)MW EY u,v).
If for E(Y’;u,v) the respective statement in Proposition 2.7 holds, then we see that it also holds
for E(Y;u,v).

So, let us assume that dim(P; + --- + P) = d. We define P := P* = P ... x P, so
dim P = d + k — 1. Here, we use the isomorphic embedding of P in R4*~1 as in (2.5). Let
Zp C (C*)™* =1 be a generic hypersurface with Newton polytope P. It can be defined by the
vanishing of

Zp : fityafet+ .. +ufi =0.

Instead of Zp let us now consider the hypersurface Z C (C*)? x CF

7 I+yifi+yofo+...+ypfr =0.
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Danilov and Khovanskii [DK87, Section 6] gave the following simple formula
E(Z;u,v) = (uv)*! ((uv — 1) —e(Y; u,v)) : (2.7)

_ Note that Z is not a hypersurface in an algebraic torus. However, there is a stratification of
Z given by affine hypersurfaces in tori that was described in [DRHN19]. For @ # I C [k] define

Zy=Zn{y; #0 : jeI}nfy; =0 : j¢ T},
Each of these is now an affine hypersurface in (C*)4t/|. Let us denote by @ the corresponding
Newton polytopes. Note that each Q! equals the lattice pyramid over the Cayley polytope P!,

SO
dim Q' = dj + |I].
From the stratification of Z and (2.7) we get
(uv)k—1 ((uv —1)4 = E(Y;u,v)) = Z E(Zr;u,v).
P#IC[k]

Plugging in the combinatorial formula (2.4) for E(Z;u,v) and applying (2.1) to take into
account the difference d+ |I| — (d; +|I|) = d — dr of the dimensions of Q! and the ambient space
R we get:

(w0)* ! (ww = 1)" = B(Y;u,v)) =

)d*d[

uv — 1
I

o£IC[K]

[(—1)d1+|1|_1h*(Q1; u,v) + (uv — 1)d1+|]|} .

By (2.6) we know that the bivariate h*-polynomial is invariant under lattice pyramids, so we
get for E(Y;u,v) the following expression:

1
(uv)*

It is direct to see that

(uv —1)4 —

Z [(—1)dl+|[|_1(uv — D) (Plu,v) + (uw — 1)d+|1} : (2.8)
oAICIK]

S (o — 1)1 = (o),

ICIK]
SO
Z (v — D) = (uo — D¥((wv)* = 1).
#IC[k]
Plugging this into (2.8) we get the desired formula for E(Y;u,v). O

Note that for & > d, the left-hand side of Proposition 2.7 vanishes, and thus it gives us a
nontrivial combinatorial identity for the right-hand side.

Example 2.8. Suppose that &k = d, in this case the Hodge-Deligne polynomial E(Y;u,v) is
just the number of points of Y, which equals the mixed volume of Pi,..., P; by the Bern-
stein—Khovanskii-Kushnirenko (BKK) theorem [Ber75, Kou76]. Suppose also that for each
@ # I C [d] we have df — |I| > 0, for example, if all P; are full dimensional, then the Hodge
vector of the Cayley sum Pl is

I*(Py % ...%x Pg,t) = (MV(Py,...,Py) —1)-t¢ L,



PRESERVING HODGE VECTORS OF LATTICE POLYTOPES 8

3. GENERALIZED LAWRENCE TWISTS

Here is our main result. Theorem 1.2 is a special case of it (see situation (1)).
Theorem 3.1. Let Py,..., Py, P.i1 C RY be lattice polytopes such that
dim(P; + -+ P) <k and dim(P; + -+ + Pry1) =d > 2.

Let U be any k-dimensional rational subspace of R? containing P, ..., Py if k¥ < d, and set
U := R? otherwise. We denote by V the mixed volume MV(Py, ..., P) of Py,..., P if k < d,
and set V' := 0 otherwise. Then the bivariate h*-polynomial of the Cayley polytope P *- - -% Pr1
equals

V) W projp (Pt )+ 3 (DRI ) (P ()
IC[k+1]:k+1el
In particular, we have
¢ (P*HU 4 0) = V (uw) 0 (projy (Peg1): u, v) (3.2)
in each of the following two situations:
(1) For each I C [k + 1] with k4 1 € I we have
o |I|+(d—dj) < kor
o |I|4+(d—d;) =k+1and P! is thin.
For instance, this holds if dim(Py41) = d.
(2) k > d, which implies that P *--- % Py is trivially thin.

Proof. Let us consider the main case k < d first. Let fi,..., fxr1 € C[mf, ce ,a:;t] be generic
polynomials with Newton polytopes Py, ..., P,y+1. As U is a rational subspace, we can choose
an appropriate lattice transformation of Z%, so we can assume that U is simply the subspace
generated by the first k£ standard basis vectors and fi,..., fr € C[mf, ey xf]

We denote the solution set of fi,...,f in (C*)*¥ by Y. Note that Y is a finite set. It
follows from the BKK-theorem that its size equals the mixed volume V := MV(Py,..., Py).
In particular, applying Proposition 2.7 to Py, ..., P, and using the notation of Proposition 2.7
yields

V= > (=) M uo — 1) R (P, 0). (3.3)
ICIK]
Applying Proposition 2.7 to Pi,..., Py11 gives

1

a0yt Z (=1)U M (yy — 1) p* (P, v).
IC[k+1]

b
(uv)®

E(Y;u,v) =

By taking (3.3) into account, we get that E(Y;u,v) equals

1

(a0t (w - 1) )V + S () - w) Rt (P | (3.4)

IC[k+1]:k+1€l

On the other hand, Y is stratified in {2’} x Z,, for 2/ € 1/}, where Z,: is the hypersurface
in (C*)?* defined by the polynomial g,/(2) := fry1(2',2) € C[zi, .. .,z;ltfk]. Note that each
g is a generic’ polynomial with respect to its Newton polytope which equals the projection
projy (Pry1) of Pii1 along U. We may assume k < d as otherwise (in case (2)), Z,» and hence

2These Laurent polynomials are Newt(g,/(z))-regular for each z’, provided that the coefficients of f11 are
chosen appropriately. Specifically, let fri1 = >, Pry1nzd cmax™. For fry1 to be Prii-regular, the coefficient
vector (Cm)me Py, must lie in the complement of a finite collection of hypersurfaces in the coefficient space
ClPr+1027 Similarly, for each z’, the requirement that g,/ (z) be regular with respect to its own Newton polytope
excludes another finite set of hypersurfaces. Consequently, there exists a Zariski open subset of the coefficient
space in which fry1 and all g,/ (2) are simultaneously regular.
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Y is empty. Note that projy;(Pg.1) is a full-dimensional lattice polytope in R%=*. By (2.4) each
Z, has the same Hodge-Deligne polynomial and as |Y|=V we get

Vv
EY;u,v) = — [(—1)d_k_1h*(projU(PkH); u,v) + (uv — 1)d_k} : (3.5)
U
Equating (3.4) and (3.5) and isolating h*(P¥*+1); 4, v) we get our desired formula after some
cancellation.
For the case when k > d, the equations (3.3) and (3.4) that one derives from Proposition 2.7
still hold with V' = 0. Thus, from these two equations one arrives at

h*(Py % ... % Pgyq;u,v) = Z (=DM (1 — ww) =2 p* (P u, v).
IC[k+1):k+1€l

For the additional statements we recall that the Cayley polytopes P! have dimensions dj +
|I|—1, proj;;(Pg+1) has dimension d — k, and the local h*-polynomial of an n-dimensional lattice
polytope equals the top degree part of its bivariate h*-polynomial which has degree n + 1. So,
we need to consider the degree d + k + 1 part in (3.1). The first term in (3.1) has exactly
d+ k + 1 as maximal degree and V (uv)*¢*(projy;(Pry1;u,v) as the top degree part. Therefore,
to arrive at (3.2) we need that for each I the parts of h*(P’;u,v) with degrees d +k + 1 — 2; for
j=0,...,d —dj vanish. The easiest possible case is when the maximal degree of h*(P!;u,v),
i.e., dr +|I|, is smaller than 2d; —d+k+ 1, i.e., [I|4+(d — d;) < k. Another notable situation, is
when the maximal degree of h*(P’;u,v) is exactly 2d; — d + k + 1, but the part of h*(P’;u,v)
of this degree vanishes, i.e. P! is thin.

In the situation (2) note that the degree of the Cayley polytope P+l is at most d while its
dimension is d + k > 2d, so it is trivially thin. The projection proj;;(Pg+1) is just a point, so its
Hodge vector is also 0.

O

Definition 3.2. Whenever (3.2) in Theorem 3.1 holds, we call P; % --- x Pyy1 a generalized
Lawrence twist of proji(Pg+1)-
Remark 3.3. We leave it as an exercise to check that if P is a generalized Lawrence twist of

P, and Pisa generalized Lawrence twist of ﬁ, then P is a generalized Lawrence twist of P.

Let us also remark that Theorem 1.2 is reminiscent of the following well-known projection
formula for the mixed volume, see [Sch93, Theorem 5.3.1] which one can also prove quite directly
using the BKK-theorem.

Lemma 3.4. Let Py,...,P; be lattice polytopes in R%. If P,..., P, (for 1 < k < d) are
contained in a k-dimensional rational subspace U of R%, then

MV(Py,..., Pg) = MV(P,, ..., P) - MV (projy (Pes1), ..., projy (Pa)).

4. LAWRENCE TWISTS

4.1. The original motivation. Let us explain where the motivation for the notion of general-
ized Lawrence twists comes from. For this, let us go back to the situation of circuits. Recall that a
tuple of integers ¥ = (71, . . ., Yat2) with ged(y) = 1 defines uniquely a lattice polytope in R? with
d + 2 vertices, a circuit, with circuit relation . One way to describe such a circuit is to project
the unimodular simplex Ay, along the 1-dimensional subspace R(710 4+ y2e1 + -+ + Vgr2€4+1)-

Moreover, we can associate to it a pair of tuples of rational numbers (aq,...,ax) and
(B1,...,BK) for some positive integer K defined by

]._[i:fyi<0(T7% _ 1) _ Hfil(T _ 627Ti04i) .
Hi:%>0(T% -1) H£1(T — ezmﬂi)




PRESERVING HODGE VECTORS OF LATTICE POLYTOPES 10

Recall that from this data Corti, Golyshev and Fedorov [CG11, Fed18] gave a formula for the
r-th coefficient of the local h*-polynomial of the circuit (for 1 < r < d):

G=#{j | #{aila <Bj}—j+m_=rj,
where m_ = |{i : v < 0}|.

Now note the following. If we extend the tuple (y1,...,74+2) by adjoining to it a tuple
of integers of the form (y1,—y1,%2, —Y2,.-., Yk, —Yk), then this does not affect the definition
of alphas and betas. In the above formula for ¢ it affects only m_, therefore, the local h*-
polynomial of the circuit extended this way is the local h*-polynomial of the initial circuit
multiplied with t*. In other words, they have the same Hodge vector. As it will turn out, this
phenomenon can be explained by viewing this construction as a special instance of a generalized
Lawrence twist.

4.2. Lawrence twists via Gale duality. Let us very quickly recall the basics of Gale duality.
Let A C Z% be an integral d-dimensional point configuration consisting of n > d + 1 points. We
assume that A is spanning, i.e., any point in Z? is an affine integer combination of elements of
A. Let A denote the corresponding homogeneous point configuration in Z¥*!. There exists an
integer (n — d — 1) x n-matrix G such that A-G7 = 0 and the columns of G form a vector
configuration that spans Z"~9~1. We note that the sum over the columns of G is zero. We call
G a Gale transform of A. For instance, in the case of the circuit above, we have n = d 4+ 2 and
G = 7. Conversely, every such integer (n—d — 1) X n-matrix G whose columns span Z"~ %! and
sum up to zero arises in this way. Under these assumptions, we get a well-defined correspondence
between unimodular equivalence classes of point configurations A and unimodular equivalence
classes of vector configurations G.

Example 4.1. Let P be a d-dimensional lattice polytope P C R%. Let us assume that P is
spanning, i.e., PN Z% is a spanning point configuration, and |P N Z%|> d + 1. Then we call the
Gale transform of P NZ¢ the Gale transform of P. It is a challenging open problem to express
the Hodge vector of P using just its Gale transform in a way similar to the formula of Corti,
Golyshev and Fedorov for circuits.

Definition 4.2. Let A be a spanning point configuration satisfying |A| > d + 1. We denote its
Gale transform by G 4. Let A C 732k be the spanning point configuration with associated Gale
transform G4 LI Sg, where Sk is a centrally symmetric configuration consisting of 2k non-zero
integer vectors.

Then we call the convex hull of A a Lawrence twist of the convex hull of A. It is a (d + 2k)-
dimensional spanning lattice polytope.

In general, a spanning lattice polytope P is a Lawrence twist of a spanning lattice polytope
P if one can choose A and A as described such that P = conv(A) and P = conv(A).

Now, our choice of terminology for a Lawrence twist should have become more clear. It has
been motivated by the famous class of Lawrence polytopes [BS90]: those polytopes whose Gale
transform is given by a centrally symmetric configuration of vectors. A Lawrence twist can also
be seen as a variant of a Lawrence lift, where one adds the negative of an existing vector in the
Gale transform [DLRS10, Section 5.5].

4.3. Lawrence twists are generalized Lawrence twists. Let us give the interpretation of
Lawrence twists in the primal space. It suffices to consider the case k = 1, where we extend the
Gale transform by one pair of centrally-symmetric vectors.

Proposition 4.3. Let P C R? be a spanning lattice polytope, ai,...,a, a spanning point
configuration consisting of some of the lattice points of P including the vertices of P, and let
n > d+ 1. Let P; := conv(0, eq41), and Py be the convex hull of (ay,c1),..., (an,c,) € Z4F1,
where ¢y, ...,¢, € Z, with (c1,...,¢,) # (0,...,0). Then P; % P5 is a Lawrence twist of P with
k = 1. Moreover, any Lawrence twist of P with & = 1 is given in this way.
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Proof. Denote the columns of G4 by by, ..., b, € Z" %1 Choose an integer non-zero vector v €
Zr—d-1, By our spanning assumption, there exist ¢y, ..., ¢, € Z such that ciby +-- -+ ¢, b, = v.
Now, it can be directly checked that the point configuration associated to G4 U{v, —v} is given
by the columns of

ailr ... Qapl 0 0

a2 ... Qap2 0 0

q— 0 0
ald ... Qpd 0 0

ci ... ¢, 01

o ... 0 11

Their convex hull is precisely the Cayley polytope P; * P>. From this, the statements follow. [

We observe from Theorem 3.1(1) that this is just a special case of a generalized Lawrence twist.
Hence, Remark 3.3 implies directly a result proven by the first author in his thesis [Kur24a].

Corollary 4.4. Lawrence twists preserve Hodge vectors.

4.4. A direct relation between h*-polynomials of lattice projections and Cayley poly-
topes. Theorem 3.1(1) gives an explicit and easy description of the bivariate h*-polynomial of
a Lawrence twist (with k& = 1) just using the bivariate h*-polynomials of the projection and
the polytope itself. Turning this around, this could also be seen as an explicit formula for the
h*-polynomial of a projection.

Corollary 4.5. Let P C R be a d-dimensional lattice polytope and let I C R? be a lattice
interval of normalized volume 1. Then we have

h*(P x I;u,v) = uv - h*(proj; P;u,v) + h*(P;u,v).
In particular,
R*(Px1,t)=t-h"(proj; P,t) + h*(P,t).
This implies
deg(P * I) > deg(proj; P) + 1.

Proposition 4.3 implies the following observation.
Corollary 4.6. Lawrence twists with Sj increase the degree at least by k.

Remark 4.7. In the bachelor thesis of Halit Dur [Durl8] the above formula was discussed in
the special case when proj; P is a face of P and I is the normal vector of this face. Moreover,
it was noted that this way one can construct a sequence of polytopes Py, P1, Ps,... whose h*-
polynomials behave similarly to the Fibonacci polynomials, albeit with the non-standard starting
values h*(FPy) = h*(P1) = 1.

5. APPLICATIONS

5.1. Infinitely many non-free-joins lattice polytopes with same Hodge vector. This
follows from the following result, whose proof we leave to the reader. A detailed argument using
Gale duality can be found in the thesis of the first author [Kur24a, Lemma 13].

Lemma 5.1. Let P be a spanning lattice polytope of dimension d. For each k € Z>; there are
infinitely many non-isomorphic Lawrence twists of P of dimension d + 2k that are not free joins.

Remark 5.2. Note that for the proof one really has to work on the level of point configurations
and not only on the level of polytopes. For instance, if P is a lattice pyramid with apex v and
one takes in Definition 4.2 as A simply PNZ%, then its Lawrence twist is also a lattice pyramid,
so a free join. One needs to take as A the point configuration P N Z% with v as a double point
in order for the Lawrence twist to be not necessarily a lattice pyramid anymore.
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5.2. Many more thin polytopes. Recall that lattice polytopes with vanishing Hodge vectors
are called thin. So far, two ways were known to get high-dimensional thin polytopes: either by
taking the free join with a thin polytope or by just being trivially thin. We note that trivially
thin polytopes are abundant as one can simply take any Cayley polytope of at least d+ 1 lattice
polytopes in R? to get one. Hence, the following problem was posed in [BKN23].

Question 5.3. Suppose d-dimensional P is spanning and thin. Is it true that if P is not a free
join, then P is trivially thin?

This holds for d < 3 [BKN23]. With the help of Lawrence twists we can also easily answer”
it in dimensions d > 5.

Corollary 5.4. The answer to Question 5.3 is negative for any d > 5. In fact, there are
infinitely-many non-isomorphic counter-examples in each dimension d > 5.

Proof. Consider the lattice pyramid P over a two-dimensional lattice polygon with an interior
lattice point. So, dim(P) = 3, deg(P) = 2, and P is thin. Choose any k € Z>;. Applying
Lemma 5.1 yields infinitely many non-isomorphic Lawrence twists of P in dimension 3+ 2k that
are not free joins. As by Corollary 4.6 they have degree at least 2 + k, they are not trivially
thin. This proves the statement for d > 5 odd.

The result in an even dimension d > 6 follows in the same way starting from a lattice pyramid
over a three-dimensional lattice polytope with an interior lattice point. (|

We remark that we do not know the answer to Question 5.3 in dimension d = 4. It is
affirmative in the case of 4-dimensional thin simplices [Kur24b].

5.3. An example of a family of generalized Lawrence twists. Of course, taking gener-
alized Lawrence twists using Theorem 3.1 allows even more freedom in getting parametrized
families of high-dimensional thin polytopes by just starting with a thin polytope. As an applica-
tion, let us consider thin simplices. In [Kur24b] a complete classification of all 4-dimensional thin
simplices was given. There are 6 sporadic examples and just one infinite family parametrized
by a discrete parameter N € 2N. Now we can show that this family arises exactly from the
construction described in Theorem 3.1. Taking the vertices of the family from [Kur24b] and
performing a simple unimodular transformation one obtains thin 4-dimensional simplices S(N)

N/2 00 0 -1

0 01 -1 1

(’UO V1 Vg V3 ’U4): 0 0 0 0 2
0 1

0 1 1

By taking d = 3, k = 1, and two lattice polytopes P, = [0, N/2] x {0} x {0} and P, =
conv((0,1,0),(0,—1,0),(—1,1,2)), we see that SN) = P, «x P,. Note that P, projects along
U := R x {0} x {0} isomorphically onto proj;(P) = conv((1,0),(—1,0),(1,2)). As the latter
polygon is isomorphic to 2As, we see that Py and proj;;(P2) are both thin. Hence, we are in the
situation (1) of Theorem 3.1 (where one just has to check for I = {2}), and S is a generalized
Lawrence twist of a thin polygon.

5.4. An alternative proof of the thinness of Bi-polytopes. In [Sel25] Selyanin defines in
the context of Arnold’s monotonicity theorem the following notion:

Definition 5.5. A Bj-polytope is the Cayley polytope Py - - - x P, for lattice polytopes in R %
where dim(P; + - -+ + P;) < k and dim(FPy) =n — k.

3After this question was resolved in the thesis of the first author, an independent answer was also given by
Selyanin in the preprint [Sel25].
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Selyanin showed in [Sel25, Corollary 1.7] that By-polytopes are thin. He used the theory of
¢-Newton numbers to prove this and asked in [Sel25, Question 1.10] whether there is a simpler
way to verify that Bp-polytopes are thin. And indeed there is. Note that we are precisely in
the situation (1) of Theorem 3.1 (where his first polytope Py corresponds to our last polytope
Py11). Hence, By-polytopes are generalized Lawrence twists. Now, if £ < n — k one just has to
apply Bernstein’s criterion [Ber75] to Py, ..., Py with dim(P;+-- -+ Px) < k to get for the mixed
volume V' = 0, so the ¢£*-polynomial of Py - - - % Py vanishes by (3.2). Otherwise, if & > n —k,
V' = 0 by the convention of Theorem 3.1, and we get again thinness by (3.2). Moreover, k > n—k
actually implies that Py * - - - x Py is even trivially thin (e.g., Theorem 3.1(2)).

5.5. Infinitely many nearly thin polytopes. Coming back to free joins the one construction
previously known to get high-dimensional lattice polytopes with the same Hodge vector was to
take the free join with a lattice polytope with Hodge vector (1). This motivates the following
definition:

Definition 5.6. A lattice polytope with Hodge vector (1) is called nearly thin.

Note that nearly thin polytopes are necessarily odd-dimensional because of the palindromicity
of the local h*-polynomial.

The standard example of a nearly thin lattice polytope is the interval [0,2]. More generally,
for d odd, 2A, is nearly thin. What about other examples? Now, using generalized Lawrence
twists the following result is immediate.

Corollary 5.7. In each odd dimension d > 3 there are infinitely many non-isomorphic nearly
thin polytopes that are not free joins.

Note also that as the Lawrence twists construction produces Cayley polytopes, any possible
Hodge vector can be given by a lattice polytope of lattice width 1.

5.6. Final questions. Summing up our discussion one may ask the following:

Question 5.8.

(1) Apart from free joins with nearly thin polytopes and generalized Lawrence twists (with
mixed volume V' = 1 families) are there other possibilities to get an infinite family of
high-dimensional lattice polytopes with the same Hodge vector?

(2) Apart from being trivially thin, a free join with a thin polytope or arising from a gener-
alized Lawrence twist are there only finitely many thin polytopes in given dimension?

The reader is invited to check that in dimension 2 every thin polytope is a generalized
Lawrence twist except for 2A,.

Finally, let us remark that in the thesis [Kur24a] of the first author another construction,
called total twist, was presented motivated by [GV24] that conjecturally preserves the Hodge
vector. However, in contrast to generalized Lawrence twists that construction is sporadic, in the
sense that it is not always applicable and does not allow a larger degree of freedom.
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