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Abstract

We study the Euler characteristic of a hypersurface in (C*)? x (C*)" defined by a
polynomial whose monomial support corresponds to lattice points in A; x A1 X A,
as the coefficients of the defining polynomial vary. Each member of this hypersurface
family corresponds to a three-way independence model from algebraic statistics, and
the (signed) Euler characteristic is equal to the maximum likelihood degree (ML degree)
of the model. We show in the case of A1 x A1 x Ay this Euler characteristic depends
only on the vanishing patterns of the factors of the principal A-determinant, but this
fails for Ay x A1 x A, with n > 2. We prove that, for all n > 1, all positive integers
up to the maximum possible ML degree can be realized as the Euler characteristic.
Furthermore, we completely determine the Euler stratification for P! x P! x P! and
provide partial information for Pt x P! x P2,

1 Introduction

In this paper, we consider the hypersurface Yy, C (C*)**™" defined by

fw = fo+z 2k fe = (wooo+w1009€1+w010y1+w1103§1y1)+Z 21 (Woor+W106T1 +Wo1£Y1 +W11KT1Y1 )

k=1 k=1
(1)
where W = (w;j;,) € (C? @ C? ® C"™)* = (C*)* ™. Our goal is to understand the variation
of the Euler characteristic x(Y,,) with respect to W. The hypersurface Yy, goes with the
scaled toric variety Xy, C P*3 defined as the scaled Segre embedding of P! x P! x P"

[l’o :xl] X [yO :yl] X [ZO o :Zn] — [w’L]k’xly]zk : Z)] :Oa]-7 k= 0717...,71] (2)

into P43 see | , Section 2.1]. The usual Segre embedding of P! x P! x P" is obtained
with w;;, = 1 for all 7, j, k, and we denote this toric variety by X,,. The exponent vectors of
the monomials in (2) are the lattice points of P = A; x A; X A, where A, is the convex hull
of the standard unit vectors in R, We collect these lattice points in the (n+5) x (4n+4)
matrix A.

The maximum likelithood estimation problem is an optimization problem over the positive
real part of Xyy,,:
Hi, .k p?ﬁck

maximize
Zi,j,k Dijk

subject to (pijx) € Xw,, NRYT (3)



Here (w;jx) € N4+ is the data, and the variety Xy 1s a three-way independence model
corresponding to two binary and one (n + 1)-ary random variables that are probabilistically
independent | . Chapter 9]. The mazimum likelihood degree of Xy, mldeg(Xw.), is
defined to be the number of complex critical points of the rational objective function in (3)
over Xy, for generic data; see | , : ].

Our starting point is based on the following two results. The first one is a corollary of
[ , Theorem 1] or | , Theorem 1.7]. For this let

H= {(pi]k € pints, (H Pmk> (Z pijkz) = O} :
1,7,k 1,7,k

Proposition 1.1. The ML degree of X, is equal to the signed Euler characteristic of Yy ,,:
mldeg(Xw,) = (—1)""x(Xw\H) = (=1)" "X (Yi).

We note that the second equality follows from the fact that Xy, \H and (C*)"*2\ Yy,
are isomorphic essentially via the map in (2) and x(Yiw.,) = —x((C*)""2\Yiy.,); see | :
Section 6.4] for further details. The second result is Theorem 13 of | | applied to our
case.

Proposition 1.2. The ML degree of Xy, is at most the degree of the toric variety X,.
Moreover, mldeg(Xyw,,) < deg(X,) if and only if E4(W) = 0 where E4 is the principal
A-determinant.

The principal A-determinant above | , Chapter 10, Theorem 1.2] is a polynomial
in the coefficients w;;, with a known factorization

Exs= [ Dise(nzm,
I" a face of P
where Disc (I' N1 Z") is the A’-discriminant | , Chapter 9]. Here, A’ is the matrix with
columns corresponding to vertices in the face I'. The factors of E4 in the case of our toric
variety A, are known explicitly, see | , Section 2.4]. We will give more details about
the principal A-determinant and its discriminantal factors in Section 2.

The Euler characteristic x(Yw,,) and hence the ML degree mldeg(Xw,,) is controlled
by the Euler stratification for Yy, (or, by abuse of language, for P! x P! x P") | |:
the coefficient space where W lives can be stratified according to x(Yiw,). A fundamental
question about this stratification is summarized in the following.

Conjecture 1.3. | , Conjecture 2.29] If exactly the same factors of the principal
A-determinant E4 vanish on W and W’ then x(Yiw.,.) = x(Yw' »).

This conjecture has a positive answer for the Segre product P™ x P".

Theorem 1.4. [ , Theorem 1.8] Let Zwmn C (C*)™ x (C*)™ be the hypersurface
defined by

g = go+ Z Yig; = (woo + Z wz‘oxi) + Z Y <w0j + Z wz‘jmi>
i=1 j=1 i=1

=1
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where W = (wy) € (€™ @ C™1)* = ()™ Then x(Zwamn) = X(Zwrmn) f
exactly the same factors of the principal A-determinant E4 vanish on W and W' where A
consists of the lattice points in A, X A,,. FEquivalently, if the matroids defined by the matrices
L1 W1 and [I41 W] are isomorphic, then X(Zwmn) = X(Zw'mn)-

Remark 1.5. Conjecture 1.3 is false for other families of scaled toric varieties. For instance,
let

f = wy + w1z + wez? + wsz®

where W = (wy, wy, we, w3) € (C*)*. The corresponding toric variety is the twisted cubic in
P3 and we let Zy be the hypersurface in C* defined by f. The principal A-determinant £

where
3210
A:(o 1 2 3)

has a single relevant factor, namely, the classical discriminant D; of the cubic polynomial
f. The Euler characteristic x(Zw) = 3 if and only if D;(W) # 0. However, Dy(W) =
D¢(W’) = 0 does not necessarily imply x(Zw) = x(Zw): The discriminant vanishes if and
only if fy (z) is singular in which case x(Zw) < 3, but the Euler characteristic is equal to
the number of distinct roots of fy/(z), i.e. it can be equal to 1 or 2.

1.1 Results

Our first result settles Conjecture 1.3 for P! x P! x P". In general, the statement that the
vanishing of certain factors of the principal A-determinant determines x(Y.,) and with it
the ML degree of Xy, is false. We provide a counterexample in Example 3.16. This also
settles the question for general independence models. For P! x P! x P", one can however say
the following:

Theorem 1.6. Let fy be as in (1) and let Yy, be the corresponding hypersurface in (C*)"*2.
1. n = 1: If exactly the same factors of the principal A-determinant E 4 vanish on W and
W', then x(Ywn) = x(Yiwr.n)-

2. n = 2: The same statement holds as long as the factor of E4 corresponding to the
2x2x3 hyperdeterminant does not vanish or as long as one of the factors corresponding
to a 2 X 2 X 2 hyperdeterminant does vanish.

3. n > 2: The same statement holds as long as the factors of E4 corresponding to 2x2x 3
hyperdeterminants do not vanish.

We will prove this theorem by first computing mldeg(Xyy,,) as in the proof of Theorem
1.4 from | ]. In particular, we will analyze the Euler characteristic of the possible
intersections of the plane quadrics defined by fo, f1,..., fn in (1).

Despite this theorem, it is difficult to compute the Euler stratification of Yy, itself.
Nevertheless we will determine the complete Euler stratification for P' x P! x P'. As we
will state later, the principal A-determinant for P! x P! x P! consists of seven factors one of
which is a polynomial of degree 4 called the 2 x 2 x 2 hyperdeterminant.
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Theorem 1.7. The Euler stratification for P! x P! x P! consists of 41 strata:

0. One stratum where no factor of E4 vanishes with x(Yw1) = 6 on this stratum.
1. 7 strata where exactly one factor of E4 vanishes with x(Yw.1) = 5.

2. (;) strata where exactly two factors of Ea vanish with x(Yw.1) = 4.

3. 8 strata where three certain factors not containing the 2 x 2 x 2 hyperdeterminant vanish
with x(Ywa) = 3.

4. 3 strata where four certain factors and the 2 X 2 x 2 hyperdeterminant vanish with
X(YW,I) = 2.

5. One stratum where all factors of E4 vanish with x(Yw.1) = 1.

Finally, we will turn to the question of the realizability of the ML degrees. We know that
mldeg(Xw,,) < deg(X,,) and with the choice of w;j, =1foralli,j =0,1and k =0,1,...,n
we get mldeg(Xy,) = 1 (this is the ML degree of the usual toric variety &, = P* x P! x P").
Hence, the question arises whether all integers between 1 and deg(X,,) can be realized as
mldeg(Xw,,). This question has an answer to the affirmative for P™ x P™ for m = 1,2,3
[ , Theorem 1.4]. We settle it also for P* x P! x P".

Theorem 1.8. For cach integer 1 < r < deg(X,) = (n+1)(n+2) there exists W € (C*)in+4
such that mldeg(Xw.,,) = 7.

Now we give an outline of our paper. Section 2 reviews the relevant background on A-
discriminants and the principal A-determinant E 4 for toric varieties, and then specializes to
the Segre product P! x P! x P". In Proposition 2.6, we describe exhaustively all possible
ways the factors of F4 can vanish for n = 1. We will also give a partial description for n = 2.
Our main goal in Section 3 is to prove Theorem 1.6. This requires a detailed study of the
Euler characteristic of the intersection of quadrics in P! x P! associated to fy, fi,..., fa as
in (1). Along the way we give a formula for the ML degree of the scaled Segre product of
P x P™ (Corollary 3.4). At the end of the section we provide a counterexample to Conjecture
1.3. Example 3.16 will present two scaling tensors W and W' that lead to two different ML
degrees for n > 2 although exactly the same set of factors of E4 vanish on W and W'.
Section 4 gives the complete Euler stratification for P! x P! x P! (Theorem 1.7). We achieve
this by carefully analyzing the intersection patterns of two quadrics in (C*)%. Finally, in
Section 5, we prove Theorem 1.8 by exhibiting a procedure to construct scaling tensors that
produce all possible values for the ML degree of scaled P! x P! x P".

2 Factors of the Principal A-Determinant

The principal A-determinant E 4 plays a crucial role for the Euler stratification of hypersur-
faces such as Yy, defined by (1)(equivalently, for the ML degree stratification of scaled toric
varieties such as Xyy,,). In this section, we will define £4 and then study it in the case of
P! x P! x P" for n = 1,2. We start with the definition of the A-discriminant; see | ,
Chapter 9].



Definition 2.1. Let f,(2) = SN, w;z% be a polynomial in Clz, ...,z where w =
(wy,...,wy) € (C)N and let A = [a;ay --- ay] € ZPN. Then

I PR ) PR

Va={w e (C*)N : 3z € (C*)4 such that f,(z) = 5T s
1 d

parametrizes hypersurfaces {f,, = 0} that have singular points in (C*)¢. Typically, V4 is
an irreducible hypersurface and its defining polynomial in Z[wy,...,wy]| is called the A-
discriminant which we denote by Disc (A). If V4 is not a hypersurface we set Disc (4) = 1,
in which case we say Disc (A) is trivial.

Definition 2.2. Let A € Z%" as above and let X, C PV~! be the corresponding toric
variety. If X4 is smooth, the principal A-determinant is

Ea(w) = H Disc (I'N 2%,

I" a face of P
where P = conv(ay, . ..,ay) and Disc (F N Zd) is the A’-discriminant, where A’ is the matrix
with columns corresponding to vertices in the face ' | , Chapter 10, Theorem 1.2].

Remark 2.3. In the definition above, every vertex of P contributes a factor w; to the
principal A-determinant. In this paper, we are interested in the vanishing of F4(w) in
(C*)N, and since w € (C*)V, we will ignore these factors corresponding to the vertices.

Next we describe the principal A-determinant induced by the hypersurface Yy ,,. Here,
the matrix A is of format (n + 5) x (4n + 4), where the columns correspond to the vertices
of P = Ay x A; x A, or, equivalently, to the exponents of the terms in fy in (1).

First we introduce some notation. Note that the coefficient vector W can be viewed as a
2 x 2 x (n+ 1) tensor with entries in C*. We denote by Wee the 2 x 2 matrix

Wook Woik
W..k = ( ) .

Wior Wilk

Similarly, we define

] Wiok, Wilk, ) Wojk,  Wijk
VVio(kzl,kg) = ( and W.j(kh]@) = .

Wi0ky Wilky Wojky  Wijks

The first matrix is a slice of W and there are n 4+ 1 such slices. The next two are 2 x 2
submatrices of the four faces Wiee, Wies, Wege, and Wi, which are 2 x (n + 1) matrices.
There are a total of 4(”;1) such matrices. We will call the determinants of all these 2 x 2
matrices the 2-minors of W and denote them by

Fook = det Wook7 Fio(kl,k‘g) = det mo(kl,kg)v Foj(k,‘l,k‘g) = det Woj(kl,k‘g)'

Furthermore, we will use subtensors of formats 2 x 2 x 2 and 2 x 2 x 3. The first kind is
indexed by 0 < k; < ky < n and we denote it by W**2 The second kind is indexed by
0 < ki < ko < k3 < n and we denote it by W#*2k3 - There are (”;1) subtensors of the first
kind and (";1) subtensors of the second kind.
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Definition 2.4. The 2 x 2 x 2 hyperdeterminant Hj,, of the subtensor W2 ig

Hiyky = [(Wook, Wi1ky —Wo0ks W1tky ) — (Wotk, Wioky —Woks Wiok: )] —4 Aet(Woe(ry a)) det(Wie(ky k) )-

The 2 x 2 x 3 hyperdeterminant Hy,j,x, of the subtensor W¥tk2ks ig equal to the resultant
Res(y s Gk Grs) Where

qr = WookToYo + Wo1kToY1 + WiokT1Yo + W11kT1Y1-

The 2 x 2 x 2 hyperdeterminants Hy,;, are polynomials of degree four in the entries of TW/*1k2
which have 12 terms. The 2 x 2 x 3 hyperdeterminants Hy,,x, are polynomials of degree six
in the entries of W**2ks which have 66 terms. See | , Chapter 14] and | ].

Proposition 2.5. / , Theorem 1.5] The principal A-determinant E4 for P! x P xP"
is the product of all 2-minors of W together with all 2 x 2 X 2 hyperdeterminants Hy,, and
all 2 x 2 x 3 hyperdeterminants Hy, ks -

Throughout this paper, we represent subsets of the factors of the principal A-determinant
of P! x P! x P" by unions of faces of a tower of n cubes. Each 2-dimensional face of any cube
as well as the union of two horizontal edges on the four faces Wyee, Wiee; Wene, and Wi,
corresponds to a 2-minor of W. The “cube” obtained by a choice of any two slices W,o; and
Weej corresponds to a 2 x 2 x 2 hyperdeterminant factor of £4. We give examples of this in
Figure 1 below.

Figure 1: Two different 2 x 2 determinant factors and one 2 x 2 x 2 hyperdeterminant factor
of B4 forn=2

As our main result in this paper we settle Conjecture 1.3. One question this conjecture
raises is which subsets of the factors of the principal A-determinant can simultaneously
vanish while the rest does not. We answer this question for P! x P! x P! and give some
partial results for P! x P! x P2.



P! x P! x P!

In the case of P! x P! x P!, we have a 2 x 2 x 2 tensor W with six 2-minors and a single
2 X 2 x 2 hyperdeterminant. Its six 2-minors are Fhee, Flee, Feoe; Foele, Feen; Fee1, and we
denote the unique hyperdeterminant by H. When we say that a subset of the factors of the
principal A-determinant E 4 vanish, we also mean that the rest of the factors do not vanish.

Proposition 2.6. The factors of the principal A-determinant E4 for P* x P x P! vanish
according to the following patterns:

a) Ezactly one factor vanishes where there are 7 choices.

7

2) choices.

b) Ezactly two factors vanish where there are (

c) Exactly Foee, Feoe, and Feeo vanish; there are 8 such choices corresponding to 8 "cor-
ners” of the 2 x 2 x 2 tensor W.

d) Ezactly Foee, Fles, Feoe; Fe1e, and H vanish; there are 3 such choices corresponding to
two pairs of opposite faces of W.

e) AllT factors vanish.

Proof. This can be computed by saturating all possible combinatorial combinations of factors
by (I1; e w;k) and seeing which other factors are contained in the irreducible components.
Alternatively, this is also a corollary of Theorem 1.7 which we will prove in Section 4. We
summarize the result in Figure 2. The top row corresponds to cases in a), and the second row
corresponds to cases in b). In the third row only the right most configuration is realizable;
this corresponds to cases in c¢). None of the types of configurations in the forth and sixth
rows can be realized. In the fifth row, only the left most configuration is possible; this
corresponds to the cases in d). The unique possibility in the bottom row corresponds to the
case in e). O

Remark 2.7. Figure 2 captures all vanishing relations among the factors of the principal
A-determinant for P! x P! x P!. A vanishing of a 2-minor is represented by the correspond-
ing face of the cube being shaded in brown, while the vanishing of H is represented by the
entire cube being shaded in blue. Each configuration represents multiple such configura-
tions by symmetry. For instance, the first configuration in the top row stands for six such
configurations, one for each face of the cube. The configurations are ordered so that every
configuration on the same row consists of the same number of factors. We included both
realizable and non-realizable configurations. The ones that are highlighted in green corre-
spond to those that are realizable: the vanishing of such a group of factors will not cause any
other factors to vanish. If a configuration is obtained by the addition of a single factor from
another realizable configuration, a black arrow is included between the two configurations. A
red arrow indicates an implication of vanishing of factors: if the vanishing of a set of factors
implies the vanishing of further factors, we placed a red arrow between the corresponding
configurations.



Remark 2.8. By Proposition 1.2, the complement of the real hypersurface arrangement in
(R*)® defined by E4(W) = 0 consists of W € (R*)® where x (Y1) = 6. Each region in the
complement is determined by which side of the hypersurfaces defined by the six minors and
the hyperdeterminant it lies on, positive or negative. Hence, there are 27 = 128 possible sign

patterns in this case. A simple computation using HypersurfaceRegions. j1 shows that 68

of these sign patterns are realizable. Out of these, 64 = 128 are all possible sign patterns

2

corresponding to regions in H*. The remaining four are
b+
-

where signs correspond t0 Fhee; Flee, Feve; Fele; Feen, Fee1, and H, in that order.

NN

EH]+@< + \ \

Figure 2: Vanishing relations among factors of E4 for the case n =1




P! x P! x P2

A complete classification of the vanishing patterns of the factors of £, in the case of P! x
P! x P? is out of our reach. Here we briefly report the cases with two or three vanishing
factors which give rise to further factors vanishing. Recall that now W is a 2 x 2 x 3 tensor.
For ease of notation, we first introduce the following.

Definition 2.9. 1. Let F = {F}, F5} be a set of two minors not on the same face of W.
We say F'is a hook if the minors F; and F, share exactly two variables.

2. Let F = {Fy, F»} be as above. We say F' is a mirror if

e there is a 2 x 2 x 2 subtensor of W containing F' and

e the variables in F; and F;, are disjoint.
3. Let F' = {Fy, Fy, F3} be a set of three distinct minors of W. Then F' is a square cup if

e there is a 2 x 2 x 2 subtensor of W containing F' and

e the variables in F} and F; are disjoint.
4. Let F' = {Fy, Fy, F3, Fy} be a set of distinct minors of W. We say F' is a cubic frame if

e there is a 2 X 2 X 2 subtensor of W containing F,
e the variables in F; and F5 are disjoint and

e the variables in F3 and F) are disjoint.

In the list below we describe (almost) all configurations with two or three vanishing factors
which imply further factors vanishing. For this subsection only, we denote the unique 2x2x 3
hyperdeterminant by H. We studied all possible combinatorial cases as illustrated in the
following example:

Example 2.10. Assume the vanishing of a mirror with minors contained in two 2 x 3 faces
of W, say Fie0,1) = Fie0,1) = 0 as well as H = 0. The saturation of this ideal by (H”k Wijk)
has four minimal primes. The first one contains Fpe(o,2) and Foe(1,2), the second one contains
Fle(0,2) and Fia(1,2), the third one contains Fyg(o,1), Fe1(0,1) and Hy; and the fourth one contains
Feeo, Fee1 and Hy;. Thus, either one of the sides Wiee Or Wiee has all its minors vanish, or
Hy, as well as one of the cubic frames containing the mirror Foe(o,1), F1e(0,1) vanishes. This
is precisely case 5 in the list below.

1. Two minors within the same face of W vanish == all three minors within that face
and H vanish.

2. The minors in a square cup vanish = the minors of the cubic frame containing the
square cup in the same 2 x 2 x 2 subtensor, its hyperdeterminant, as well as H vanish.

3. The minors in a hook and the 2 x 2 x 2-hyperdeterminant of the corresponding subtensor
vanish = the minors of the cubic frame containing the hook and H vanish as well.



4. The minors in a mirror and the 2 x 2 x 2-hyperdeterminant of the corresponding sub-
tensor vanish = the minors in one of the cubic frames containing the mirror and H
vanish as well.

5. A mirror with minors contained in two 2 x 3 faces {51, S2} of W and H vanish
— e all minors within S; or S5 vanish or

e the minors in one of the cubic frames containing the mirror and the
hyperdeterminant of the corresponding 2 x 2 x 2 subtensor vanish.

6. A hook with minors contained in two adjacent 2 x 3 faces {S1, .52} of W and H vanish
— e all minors within S} or S; vanish or

e the minors in the cubic frame containing the hook and the hyperde-
terminant of the corresponding the 2 x 2 x 2 subtensor vanish.

7. A 2 x 2 x 2-hyperdeterminant G, a minor U coming from a slice of W contained in the
corresponding subtensor of G and H vanish
—> e the 2 X 2 x 2-hyperdeterminant of the other subtensor containing U
vanish or

e the minors in one of the cubic frames containing U vanish.

8. A 2 x 2 X 2-hyperdeterminant GG, a minor U coming from a 2 x 3 face S of W and
contained in the corresponding subtensor of G and H vanish
—> e all minors within S vanish or

e the minors in one of the cubic frames containing U vanish.

9. Two 2 x 2 x 2-hyperdeterminants and the minor fully contained in both corresponding
subtensors vanish = H vanishes as well.

This list is complete except for two cases, for which the computations were too expensive.
We do not know if there are any implications if

e all three 2 x 2 x 2-hyperdeterminants vanish or
e two of the 2 x 2 x 2-hyperdeterminants and H vanish.
Additionally, the following result will be useful for proving Theorem 1.8.

Lemma 2.11. A set of minors vanishing will cause H to wvanish if and only if that set
contains either a square cup or two out of three minors of a face of W.

Proof. This can be seen by exhaustive computation. O

3 ML degree of three-way independence models

In this section we start with observations regarding the ML degree of general scaled toric
varieties. Let f(x, z) be a Laurent polynomial of the form
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where fo, ..., f, € ClzF', ... 2*!] are Laurent polynomials in m variables. Let A C Z"™
denote the set of exponent vectors of the terms in f(x,z), and let W = (w, € C* : a € A)
be the coefficients of these terms. The scaled toric variety X 4w C PIAI=1 i given by the

monomial parametrization (C*)"*™ — PlAl-1
(t1, . s tpem) > [wet® + a € A] € plAl-1

As in the case of Proposition 1.1, it is known from | , Theorem 1] and | , Section
6.4] that the ML degree of X 4w is equal to

mldeg(Xaw) = —(=1)"""x(V(f) N (C*)"*™),

where V(f) is the affine hypersurface defined by the vanishing of f(z, z). Our starting point
is the following result.

Theorem 3.1. [ , Theorem 2.2] Let f(x,z) = folx) + > i, zefe(x) be a Laurent
polynomial where fo, ..., f, € Clzt,... xt]. Then

X (V) (C©)™) = (=1)"x (V(fofr - fa) N (C)™).

_ Throughout the rest of the paper, for any positive integer k, we will use the notation
(k] ={0,1,...,k}. Now, for @ # I C [n] let us denote by C; the intersection in the torus

Cr=V(fy: kel)C(C)™

Via elementary exclusion-inclusion, one can go from the union V' (fy... f,) to intersections
and obtain the following statement.

Corollary 3.2. The Euler characteristic of V/(f) N (C*)™*™ is equal to

XV nEym) = (=m0 (=)x(en),

oAIC[]

and therefore the ML degree of Xaw s equal to

mldeg(Xaw) = ()" 3 (~1)(Cy).

o#IC[A)]

Now consider f(z,z) such that the set of its exponent vectors is the vertex set of a
product of r+ 1 simplices Ay, X ... x Ay X A,. The last n-dimensional simplex corresponds
to the coordinates z,...,2, in f(x,z). Instead of considering the intersections C; in the

torus (C*)% x - - - x (C*)4, we would like to consider them in the product of projective spaces

P% x .. x P%. We denote the homogenous coordinates of the factor P4 by :E(()i), e ,xgi). In

these coordinates, the homogenized versions of fi(z) will be denoted by



Note that with these coordinates we can organize the coefficients of f(z,z) into a tensor
W = (wy, . i.x) of format (dy +1) x ... x (d, +1) x (n+ 1) where w;,._; x is the coefficient of

AR :L’Z(:)Zk Let V7 denote now the intersection in P9 x ... x P4 defined by

11

Vi=Vig : kel).
For a subset J = J; x ... x J, C [d1] x ... x [d,] let us introduce the notation
Xg={al) =0 e} P x. xP"
With this we get a formula for the ML degree of the scaled toric variety associated to a
product of simplices as in Corollary 3.2.

Theorem 3.3. Let A be the vertex set of the product of simplices Ag, X -+ - X Ay, X A, and
W be a scaling considered as a tensor of format (dy +1,...,d. +1,n+1). Then

mldeg(Xaw) = (~1F=® 30 (-0 3T () (VinXg) |
2#£IC[A) T:JiCldi]

where |J| = || + ...+ |J].

Proof. We start with the identity C; = V; N {:L‘;Z) #0 :i=1,...,r, ji=0,...,d;}. The
second term in the intersection is equal to

r d;
P x P (Y =0}

i=14=0
Inclusion-exclusion combined with Corollary 3.2 gives the result. O]

We note that with Theorem 3.3 we managed to express the ML degree in terms x(V; N
X7) and these only depend on the subtensors of W that have indices belonging to the set
([di]\ J1) X ...x ([d,]\ J) x I. This has a nice consequence for the product of two simplices;
see also | ]

Corollary 3.4. The ML degree of a product of two simplices A,, x A, with the scaling W
considered as an (m + 1) x (n+ 1) matriz is equal to

mldeg(Xa,xa,w) = > (=D rank(W7;,),
@ C[im]

o#IC(n]
where Wy is the submatriz whose rows and columns are indexed by I and J, respectively.

Proof. Theorem 3.3 gives us

mldeg(Xa,xa,w) = (=)™ Y (=D Y (=D Ix (Vin X))

@£IC[7) JC[m)]

=
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The intersection V; N X is a linear subspace in P/l defined by the vanishing of linear
forms whose coefficients are the entries of Wy, where J’ is the complement of J in [m]. The
Euler characteristic of this linear subspace is precisely m — |J| + 1 — rank(W;,/). Now using
the fact that ZZL:O(—l)k(mljl) -(m+ 1 — k) is zero and swapping J and J' we arrive at the
formula. O

3.1 Scaled P! x P! x P

Now we specialize back to our main focus of the paper, namely three-way independence
models based on A; x Ay x A,,. Our goal is to prove Theorem 1.6, and in order to do so, we
are going to understand how the terms in Theorem 3.3 behave with respect to the pattern of
vanishing of the factors of the principal A-determinant E4. Theorem 1.6 is the combination
of Corollary 3.10 and Corollary 3.14 below. Along the way, we will give explicit expressions
for many terms in the correspoonding formula of Theorem 3.3.

We go back to the notation from earlier sections where xgl) = x; and xZ(Q)

=1;, and let

@k (T0, T1, Yo, Y1) = WookToYo + WokToY1 + WiokT1Yo + W11kT1Y1-
The terms in Theorem 3.3 for our case can be subdivided into two types:
(i) x(VinX7) with 1 < |7]| <2 and (ii) x(V7).

Lemma 3.5. The Euler characteristic x(Vi N X7) with 1 < |J| < 2 depends only on which
2-minors of W vanish.

Proof. If |J| = 2, then X7 is just a point in P! x P*. Without loss of generality, it is given
by xo = 3o = 0. Substituting this into ¢ for k € I, we see that V; N X; = () since all
coefficients in W are in C*. This shows that the Euler characteristic is 0.
If |J| =1, then X; = pt x P! or P! x pt. Therefore, we are looking at the intersection of
|I| linear hyperplanes in P!. For example, for J = {1 —i} x &, as in the proof of Corollary
3.4 we get
Wioky  Wilky

x(Vin{x1_; =0}) =2 —rank :

Wiok ;  Wilky

The matrix above is a || x 2 matrix lying on the face Wiqe. Similarly for V;N{y;_; = 0} one
gets a |I| X 2 matrix on the face W,j,. Since we assume that W € (C*)* the vanishing
pattern of the 2-minors completely governs the ranks of the above matrices. O

The remainder of this section is devoted to dealing with x (V7). With I = {k,..., kj},
the system gy, = ... = gx, =0 can be written as

Wook, Yo + Wotk, Y1 W10k, Yo + Wik, Y1
) . x
0="Ti(y) z:= : : '(0)-

1
Wooky; Yo + Woik Y1 Wiok, Yo + Witk Y1

Note that for a fixed y € P!, this system admits a solution z € P! if and only if rank 77 (y) < 2.
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The cases with 1 < || <2

We start with the case || = 1.

Lemma 3.6. For W € (C*)*** the Euler characteristic x(Viyy) depends only on whether
Feoe vanishes. More precisely, x(Viry) = 4 — rank Wiy,

Proof. In this situation the rank of T}, (y) is always at most 1, but there might exist a point y
where the rank drops to 0. This happens if and only if wooryo+worxy1 = AM(WiokYo+wi1xy1) for
A € C*. In turn, this happens if and only if det Weer, = Fear = 0. When rank Weei, = 2, Vi
is of the form P! x pt, and when rank Wy, = 1, Vijy is of the form ((P'\ pt) x pt) U (pt x P*).
In both cases, x(Viry) = 4 — rank Wee. O

For the case |I| = 2, we let I = {i,5}. We can still express the contribution x(V;)
explicitly, but it is a little bit more involved. For a solution in P! x P! to Tj;(y) - = 0 to
exist, det 7;;(y) must vanish.

Lemma 3.7. The determinant of T;;(y) is
det Tj;(y) = F-o(z‘,j)yg + (Wooiw1; + WoriW10j — W10iWo1; — W11;Woo5)YoY1 + Fol(i,j)y%a
and the discriminant of this quadric is evactly the hyperdeterminant H;;.

The set {y € P! : detT;;(y) = 0} can consist of 1 or 2 points or be the whole P'.
However, to understand the geometry of V7, it is not enough to just know the points where
det T;;(y) = 0, we also need to know the rank of T};(y) at those points. The matrix T};(y)
can have rank 0 at some point y only if it factorizes as

Tii(y) = (aoyo + a1y1) - M, (4)

with a; € C and M a constant 2 x 2 matrix. We note that in this case the corresponding
hyperdeterminant H;; vanishes.

If T;;(y) does not factorize as above, then there are a few possible scenarios. If H;; does
not vanish, then det7j;(y) = 0 at exactly two points. Otherwise, when H;; does vanish,
we can have either one point at which rank 7;;(y) = 1, since H;; is the discriminant of the
quadratic equation det T;;(y) = 0, or rank T;;(y) = 1 for any point y, in which case all the
coefficients of the equation det T;;(y) = 0 are identically zero.

If the rank of Tj;(y) is 1 at some y, we find exactly one z € P! to satisfy T;;(y) - = = 0.
If the rank of Tj;(y) is 0 at some y, all 2 € P! satisfy Tj;(y) - = 0. We summarize this
discussion as follows.

Lemma 3.8. The matriz T;;(y) falls into one of the following five types.

I: T;;(y) has rank 1 at two points and never rank 0.
This happens if the hyperdeterminant H;; does not vanish. Then T;;(y) -z = 0 has two
solutions pt X pt U pt X pt and x(V7) = 2.
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II: T;;(y) has rank 0 at one point only and rank < 2 nowhere else.

This happens if T;;(y) = (aoyo + ar1y1)M with rank M = 2. Then T;;(y) - x = 0 has as
solution P* x pt and x(V;) = 2.

III: T;;(y) has rank 0 at one point only and rank 1 everywhere else.
This happens if T;;(y) = (aoyo + a1y1)M with rank M = 1. Then the set of solutions to
Tii(y) - = 0 has the form (P! x pt) U pt x(P*\ pt) and x(V;) = 3.

IV: T;;(y) has always rank 1 and never rank 0.

This happens if det T;;(y) is identically zero. Then the solution set to T;;(y) -z =0 is
isomorphic to P* and x(V;) = 2.

V: T,;(y) has rank 1 at one point only.

This happens if det T;;(y) is not identically zero but the hyperdeterminant H;; vanishes.
Then T;;(y) - = 0 has one solution pt x pt and x(V;) = 1.

We want to understand what kind of coefficient tensor W corresponds to each of the
above types. For a 3-way tensor W = (wj;x) € CP x C x C" and s = 1,2,3, we let W
be the flattening matrix along mode s. For instance, W) is the p x (¢r) matrix where the
entry in row ¢ and column indexed by (j, k) is w;;,. In particular for the 2 x 2 x 2 tensor
Wae(i,j) we denote the corresponding flattenings by I/Vi(js).

Lemma 3.9. Let W € (C*)"**. The type of the matriz T;;(y) depends only on the vanishing
of the 2-minors of Waee(i ;) and its 2 x 2 x 2 hyperdeterminant H;;. The matriz T;;(y) is of
type

I if Hy #0,
1I: Zf HU =0 and F..Z‘ = F..j = FOo(i,j) = Flo(i,j) =0 and FcO(i,j) 7£ 0, Fol(i,j) 7é 0,
II: if Hij = 0 and all 2-minors of Wee(,j) vanish,

either F..Z' = F..j = FOO(i,j) = Fol(i,j) =0 and Fg.(i’j) 7é 0, Flo(i,j) 7é 0
or FOo(i,j) = Flo(i,j) = Fo(](z',j) = Fol(z‘,j) =0 and F..l' % 0, F..j 7£ O,

V:if Hij = 0 and only one of the 2-minors of Wee( ;) vanishes.

Proof. As already mentioned, if the hyperdeterminant H;; # 0 then T};(y) is of type L
Assume from now on that H;; = 0.

The matrix 7T;;(y) factors if and only if the tuple (wgo; woo; Wio; wig;) is proportional to
the tuple (wo1; wo1; w11 wi1;) or in other words the matrix

W.(2): (wom' Wop; W10: w10j>

" Wor; Worj Wi Wil

has rank 1. This happens if and only if Fee; = Feej = Foa(i,j) = Fle(ij) = 0. Hence we have
a clear way to distinguish types II and III from the types IV and V.
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To decide whether T};(y) falls into type II or III, one needs to compute the rank of the
factor M from (4). We see that rank M = 1 if and only if Fyo; j) = Fei(,j) = 0, since

Woo; W104 Wo1; W11
rankM:rank( ' '] = rank ! ‘.

Woo; W10y Wo15 W11y

Now assume that the factorization (4) does not happen. The rank of T;;(y) can be 1
for any y (in which case we obtain type IV) if either the rows or columns of T;;(y) are
proportional. Thus either

1 Woep;  Wo1; Woo; Woij
rank Wi(j) = rank ’ ! / 71=1 or
Wi1p; Wi Wio; Wiy

3 Wop;  Wo1; W10 Wil
rank Wi(j) = rank ’ ! ’ ) =1
Wpp; Wo1; Wio5; Wiy

The first matrix has rank 1 if and only if Fee; = Feej = Feo(ij) = Fe1i,j) = 0. The second
matrix has rank 1 if and only if Foei ;) = Fleaj) = Feo(ij) = Feii,j) = 0. Otherwise, the
matrix 7;;(y) must be of type V. ]

Since for n = 1 the size of I is at most 2, we have covered everything needed to compute
the Euler characteristic x (Y1)

Corollary 3.10 (Theorem 1.6, part (1)). If exactly the same factors of the principal A-
determinant E4 vanish on W and W', then x(Yw1) = x(Ywr1)-

The cases with |I| > 3

Now we can deal with the cases |I| > 3. If |I| = 3 and the corresponding 2 x 2 x 3
hyperdeterminant does not vanish, then the resultant Res(qy : k € I) is nonzero, and hence
Vi = (0. More generally, we can say the following.

Lemma 3.11. For an index set I C [n] with |I| > 3, if one of the 2x 2 x 3 hyperdeterminants
Hij, with i, j,k € I does not vanish, then Vi = @ and x(V;) = 0. For |I|=3, Vi # 0 if and
only if Hyj, = 0.

However, for |I| > 4, V7 # () is not equivalent to the vanishing of all 2 x 2 x 3 hyperde-
terminants H;j;, with ¢, 5,k € I. We do not have anything further to report in this case, so
we will treat only the case of |I| = 3 in the remainder.

For I = {ky, ko, k3} and Hy gk, = 0, in order to understand the geometry of V;, we
exploit the fact that

Viks kaks) = Vikska} N Viks kst 0 Vika ks)s
and our results about Vj; j3. A special role is played by the flattening
Wook; Wolky Wioky Wilk

WI = | Wook, Wolky, Wik, Wilks
Wooks Wolky Wioks Wilks

of the 2 x 2 x 3 subtensor Wee(k; ko ks)-
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Remark 3.12. Note that the rank of the above matrix WI(?’) is exactly what defines the
singular locus of the 2 x 2 x 3 hyperdeterminant Hy,j,k, (see Proposition 5.4.(c) in | ).
Namely, the singular locus is exactly the set of W for which rank WI(?’) < 3. This locus
cannot be described by the vanishing of certain factors of the principal A-determinant (see
Example 3.16 later).

For the 2 x 2 x 2-hyperdeterminants H;; the singular locus is given by the set of W

where the flattenings Wi(jz) have rank <1 (see the end of Section 2 in loc.cit.) As we already
noted, if we consider W only with entries in C*, then this is governed by the vanishing of
the 2-minors of the corresponding 2 x 2 x 2-tensor.

Proposition 3.13. Let W € (C)"™ and consider I = {ky, ko, k3}. Then, the Euler
characteristic x(V) depends only on the vanishing of the factors of Ea if Hg ks does not
vanish at W or if one of H;j = 0 with i,j € I. Otherwise, x(V;) depends on the factors of

E 4 that vanish at W, as well as whether rank WI(?’) = 3.

The above proposition and Lemma 3.11 together with the results for |/] < 2 combine to
give the remaining parts of Theorem 1.6.

Corollary 3.14 (Theorem 1.6, parts (2) and (3)). If exactly the same factors of E4 vanish
on W and W', then x(Ywn) = x(Yw' n) as long as

e n>2 and at least one of the 2 x 2 x 3 hyperdeterminants H;;, # 0 with {i,j,k} C [n]
e n =2 and at least one of Hy1, Hyo, H12 vanishes.

It is instructive to write down the implications for P! x P! x P2

Corollary 3.15. Let n =2 and W € (C*)'2. Then x(Yw2) depends only on the factors of
E4 that vanish at W and on whether the flattening W®) has full rank.

Proof of Proposition 3.13. Without loss of generality we assume that [ = {0, 1,2}. If Hyo #
0, then x(V;) = 0. In the remainder we assume that Hyjo = 0 and V7 is not empty. We focus
on the matrices T;;(y) for i, j € I. We use Lemma 3.8 extensively.

If at least one matrix T;;(y) is of type V, then it follows that V;;, and thus V;, consists
of exactly one point with x(V7) = 1. From now on assume that no T;;(y) is of type V.

Now suppose that one of the matrices, say Tp;(y), is of type II. Therefore there exists
exactly one y € P! such that rank Ty (y) < 2. In order for the system T7(y) - z = 0 to have
a solution (as we assume it does), the other two matrices must also drop rank at y. If the
matrices To2(y) and Tio(y) are both of types II or I1I, then T (y) - = 0 has solution of the
form P! x pt and x(V7) = 2. If at least one of Ty (y) and Tio(y) is of type I or IV, then
T7(y) -« = 0 has a solution of the form pt x pt and x(V;) = 1. Now we assume that no 7;;(y)
is of type II.

If all matrices T;;(y) are of type III, then their factorizations must coincide and thus
x(V7) = 3. If at least one is of type IV and the rest is of type III, then there is at least one
T;;(y) that has rank 1 at each point y € P'. Since the other matrices also have either rank 1
or 0 at each y, Ty(y) has rank 1 for each y, therefore, for each y there is exactly one solution
of Ti(y) - x = 0 and x(V7) = 2. From now on assume that at least one 7;;(y) is of type L.
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Note that it is not possible to have exactly two matrices T;;(y) of type III since this
would force the third one to be of this type also. Suppose we have only one matrix of type
I, say Tp1(y). Then the types of our three matrices are either LIILIV or I, IV, IV. Let y', 32
be the two points giving rank Ty; (') = 1. In both possible cases, we have rank T;(y") = 1,
and thus V7 is of the form pt x pt Upt x pt and x(V;) = 2.

Now suppose that Tyi(y) and Toe(y) are of type I. Then the quadratic equations
det Tp1(y) = 0 and det Tyo(y) = 0 have exactly two solutions each and we can write

det To1(y) = (@o1yo + bory1)(coryo + doryr),

det Toa(y) = (@029 + boay1)(coayo + dozy1)
with (ag;, bo;) # (coi, do;). Since we assume that V; is nonempty, one or two factors between
det Ty1(y) and det Tpo(y) must coincide.

If T15(y) is of type IV with proportional rows or of type III, which also has proportional
rows, then there exists p € C* such that det Ty (y) = pdet Toe(y). Thus, both factors
coincide up to multiplicity and x (V) = 2.

If T15(y) is of type IV with columns proportional by a number p, then we have

det To1(y) = (woo1yo + wor1y1) ((Hwooo — Wio0)Yo + (HwWoio — Wi10)Y1)

det Toz(y) = (woo2y0 + wor291) ((Hwooo — Wio0)Yo + (HwWoio — Wi10)Y1)-
One factor is the same, but the other is not since we assume that the rows of T15(y) are not
proportional. Hence, in this case, V7 is a single point and x(V;) = 1. Note here that a matrix
of type IV has either its rows or its columns proportional, but never both. Which one it is
depends on the rank of Wl-(f) and therefore also on the vanishing pattern of the 2-minors.

We are only left to consider the case when Ti5(y) is also of type I. The two factors of all
three determinants agree if and only if

~ F.o(0,1) WoooW111 + Wo10W101 — W100Wo11 — Wi10Wo01 F.1(0,1)
W= | Fe0,2) WoooW112 + Wor0W102 — WiooWo12 — WitoWoo2 Fe1(0,2)
F.0(1,2) Woo1W112 + Wo11Wi02 — W101Wo12 — W111Wo02 F.1(172)

has rank one. One can compute that
V(2-minors of W) = V' (3-minors of WI(S)).
Hence, x(V7) = 2 if and only if rank Wl(g) < 3 and x(V;) = 1 otherwise. O

The last part of the above proof suggests that x(Yw2) does not depend solely on the
vanishing pattern of the factors of E4. Indeed, below we present a counterexample to
Conjecture 1.3. This also shows that in general, the ML degree of independence models does
not depend on the vanishing pattern of the factors of the principal A-determinant.

Example 3.16. Consider two scaling tensors W, W’ € (C*)?*2*3 with
qo = ToYo + 3Toy1 + 2x1y0 + 4T 1Y,
@1 = 2x0Yo + Toy1 + 4x1yo + 62191,
g2 = 3xoyo + 4xoy1 + 6x1yo + 102191,
g5 = 3xoYo + 3xoy1 + 6x1yo + T1Y1,
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where qo, q1, g2 are the quadrics associated to W and qq, q1, ¢5 are the quadrics associated to
W'. For both we have Hoioa = Fie0,1) = Foe(0,2) = Foe(1,2) = 0, but no other factor of £y

vanishes on W or W’. However, one can check that rank W{(g )1 0y = 2, while rank W’ g%)l 0y = 3.
Let us take a closer look at the corresponding systems 7'(y) - x = 0. Denote

Yo+ 31 2y2 + 4y Yo+ 3y1 2yo + 4y
Ty)=12ywo+y1 4yo+6m |, T'(y)=| 2v0o+w1 4yo+ 6y
3yo + 4y 6yo + 10y, 3yo +3y1 6y + 1

the matrices corresponding to W and W’ respectively. Then

det To1 (y) = det Tty (y) = det Toa(y) = 2y1(4yo + Tun),

det Toz(y) = —2y1(4yo + Ty1),
det T02( ) = y1(yo — 1),
det Tiy(y) = —y1(22y0 + 17y1)

Indeed, (T'( %)) - (%) = (T'(5)) - (2) = (T"(5)) - (2 1) = 0. The points (%), (%)

(-
and (( %), (})) are solutions to o = ¢1 = ¢o = 0 and (( %), (})) is the single solution to
g0 = ¢ = ¢4 = 0. Hence, x(V(qo,q1,¢2)) = 2 and X(V(qo,ql,qg)) = 1. Overall, we obtain
X(Yiw2) = =8 and x (Y 2) = —9 and thus mldeg(Xyw,,) = 8 and mldeg(Xy,,) = 9.

If we call the respective quadrics in C' x C! as fy, f1, fo, f3, one can observe that fo =
fi = f2 = 0 has two solutions, one of them on the z-axis. In contrast, fo = fi = f, =0
has only one solution, which also lies on the z-axis. This comes from the fact that f, lies in
the pencil of fy and f; while f; does not, which again is directly linked to the ranks of the

flattenings.

=

Figure 3: The red, blue, purple, and green quadrics are the vanishing loci of fy, fi1, f2, and
f5, respectively.
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4 FEuler stratification for P! x P! x P!

In this section we present the complete Euler stratification for the hypersurface family Yy ;.
We start with a corollary to Theorem 3.1 relevant here.
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Corollary 4.1. Let fy (x1,y1,21,---2,) be the defining polynomial of Yy, C (C*)*™ and
let an f17 ) fn € C[Iitvyit] be as in (1) Then

XYwa) = (=1)"x (V(fof1--- fa)),
where V(fofi- - fu) = Ui_o V(fi) is the union of n + 1 quadric curves in (C*)2.
For P! x P! x P! we have two quadrics Qy and @Q; in (C*)? defined by
Jo = wooo + w100 + wor0y + wiory and fi = weo1 + w11 + Won1Y + Wi112Y.
Therefore, we need to characterize x(Qo U Q1) as W € (C*)® varies.

Lemma 4.2. Let g(x,y) = a + bx + cy + dxy where a,b,c,d € C*. Then the quadric
Q =V (g) C C? is nonsingular if and only if ad — bc # 0. In this situation, Q is a hyperbola
and intersects the coordinate azes in two points, namely, in (0,—a/c) and (—a/b,0). The
Euler characteristic of Q in (C*)? is x(Q) = —2. If Q is singular, it is the union of the lines
r=—35andy= —% that are parallel to the axes. In this case the Euler characteristic of Q)

in (C*)? is x(Q) = —1.
Proof. Observe that

0 %d %b T
gz,y)=[z y 1] |3d 0 35c| |y
%b %c a 1

Then, @ is nonsingular if and only if the middle matrix is nonsingular. The determinant of
that matrix is {d(bc — ad). If this determinant is zero, g factors as g = d(z + 5)(y + %). The
computation of Euler characteristics follows easily. m

Corollary 4.3. Qo is nonsingular if and only if Feeo = det(Weeo) # 0. Similarly, @y is
nonsingular if and only if Fee1 = det(Weer) # 0.

By Theorem 1.6, we will compute

X(Ywi) = —x(QoU Q1) = — (x(Qo) + x(Q1) — x(Qo N Q1))

based only on the possible vanishing patterns of factors of F4. We will determine these
possible configurations throughout this section and we will study the effect of these vanishing
patterns on x(Qo), x(Q1), and x(Qo N (7). We use the same notation as in the subsection
for P! x P! x P! in Section 2.

4.1 Both )y and (); nonsingular

Here we are assuming that F,e0 and F,e1, the determinants of the two slices Weep and Wee1,
are not zero. This means that x(Qo) = x(Q1) = —2, and we need to determine x(Qo N @Q1).
Hence we need to determine all the possible ways Qg and Q; intersect in (C*)2.

Consider

wiirfo — wiiefi = det(Wiee)x + det(Weie)y + (Wooow111 — Wi10Woo1)- (5)

20



If Fo1e # 0, we can solve for y in (5). Plugging this into fj gives

Gi(z) = det(Wiee)z® + [(wooowinn — wirowoor) — (Worowio1 — Wigowor1)] + det(Woes) = 0.
Similarly, if Flee # 0, we can solve for x in (5). Plugging this into fj gives

Ga(y) = det(Waia)y” + [(wooowi11 — wirowoor) + (worowior — wigowor1)]y + det(Wags) = 0.
The discriminants of both G;(z) and G5(y) are equal to the hyperdeterminant H.

Lemma 4.4. The two nonsingular quadrics Qy and Q1 intersect in two distinct points in
C? if Foie 0, Flee # 0, and H # 0. In this case, they intersect in a point where x = 0 if
and only if Foee = 0. Similarly, they intersect in a point where y = 0 if and only if Fepe = 0.

Proof. 1If the three polynomials do not vanish, then G(x) (and Gs(y)) has two distinct
roots x7 and x9, and one can solve for the y coordinate of the two intersection points using
(5). Under these conditions, Gi(x) = 0 implies that one its roots will be 0 if and only if
det(Whee) = Fpee = 0. Similarly, Go(y) = 0 implies that one its roots will be 0 if and only if
det(Weoe) = Foge = 0. O

Folo 7£ O, Flco 7& O, and H 7£ 0

There are only two factors left to consider and the following captures the implications of
their vanishings.

Proposition 4.5. Suppose Qg and Q)1 are nonsingular quadrics and Fy14 # 0, Flee # 0, and
H #£0.

o [f neither Fyee nor Fege vanishes, then x(Yw.1) = 6.
o If exactly one of Foee and Fye vanishes, then x(Yw,1) = 5.
o [f both Fee and Fyoe vanish, then x(Yw,) = 4.

Proof. By Lemma 4.4, the quadrics intersect in exactly two points in (C*)? if the constant
terms of G (x) and G(y) do not vanish. In this case, x(QoN@1) = 2 and hence x(QoUQ:) =
—6. If exactly one of these constant terms vanish, exactly one of these points is on a
coordinate axis. This means y(Qo N Q1) = 1 and hence x(Qy U Q1) = —5. If both constant
terms are zero, both intersection points are on the coordinate axes. Therefore, x(QoNQ1) =0

and x(Qo U Q1) = —4. O

We point out that the second case above, where x(Y,1) = 5, corresponds to exactly
one of the minors of W vanishing. This is the case A in Figure 2. The third case, where
X(Yiw1) = 4, corresponds to exactly two minors which form a hook vanishing. This is the
case C in Figure 2.

21



F.l. 7é 0, Fl.. 7é 0, and H =0

The vanishing of the hyperdeterminant implies that the quadrics Qg and ()1 are tangent to
each other.

Lemma 4.6. Suppose the quadrics Qo and Q1 are nonsingular and Fy1e # 0 and Flee # 0.
If the hyperdeterminant vanishes, Qy and Q intersect in C? in a single point of multiplicity
two. Furthermore,

1. If neither Fyee nor Fye vanishes, then the unique intersection point is in (C*)2.

2. If exactly one of Fee and Fyye vanishes, then the unique intersection point is on one
of the coordinate azes.

Proof. Under the hypotheses, G1(z) and Gy(y) have a double root. This means that Q
and )y intersect in a single point of tangency. If the constant terms of G1(z) and Ga(y),
namely, Foee and Fyge do not vanish, this intersection point is in (C*)2. If exactly one of
them vanishes, then x = 0 is a double root of G(x) or y = 0 is a double root of Go(y). O

The alert reader would realize that we have omitted the case when Fhee = Foge = 0.
This corresponds to the case when the minors in a hook and the hyperdeterminant vanish.
However, this forces the minors in the cubic frame containing the hook all vanish. The extra
minors are Fyie and Flee which we assumed to be nonzero.

Proposition 4.7. Suppose Qo and Q1 are nonsingular quadrics and Fy1e # 0, Flee # 0, and
H=0.

o If neither Fyee nor Fege vanishes, then x(Yw1) = 5.
o [f exactly one of Foee and Fye vanishes, then x (Y1) = 4.

Proof. By Lemma 4.6, the intersection @)y N ()1 consists of a single point. In the first case,
this point is in (C*)%. Therefore x(Qo N Q1) = 1 and x(Yi;) = 5. In the second case
Qo N Q1 =0 in (C*)2 Therefore x(Qo N Q1) =0 and x (Vi) = 4. O

The first case above, where x(Yw.1) = 5, corresponds to exactly the hyperdeterminant
vanishing. This is the case B in Figure 2. The second case where x (Y1) = 4 corresponds
to one minor plus the hyperdeterminant vanishing. This is the case E in Figure 2.

Exactly one of F,;, and Fi,, vanishes, and H # 0

Without loss of generality, we will assume Fy14 # 0 but Fiee = 0 since the other case leads
to similar conclusions by symmetry (via exchanging the roles of the variables z and y).

Lemma 4.8. Suppose the quadrics Qg and Q1 are nonsingular, and Fe1e # 0, Flee = 0, and
H #0. Then Qo and Q; intersect in a unique point in C2. Furthermore,

1. If neither Foee nor Fyge vanishes, then this unique intersection point is in ((C*)Z.
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2. If exactly one of Fee and Fyye vanishes, then the unique intersection point is on one
of the coordinate azes.

Proof. When only Fi,, vanishes, then in (5) we can uniquely solve for y. In addition, H # 0
implies that G(x) has a unique root. Therefore )y and @) intersect in a unique point in
C2. If Foee vanishes, then z = 0 is the unique root of Gy(z). If F,p, vanishes, we see that
WoooW111 — W110Woo1 1S 1N (Flee, Fage) : ([]wiji)”. This means that the constant term in (5)
is zero. Therefore y = 0. m

Again, we have not considered the case Fpee = Fope = 0, since together with Fi,, = 0 we
have a square cup with all minors vanishing. However, this implies that the missing minor
in the cubic frame containing this square cup, namely, Fyi,, as well as H vanish. However,
we assumed that these polynomials are not zero.

Proposition 4.9. Suppose QQy and Q1 are nonsingular quadrics, and Fege 7# 0, Flee = 0,
and H # 0.

o If neither Fyee nor Fepe vanishes, then x(Yw.1) = 5.
o If exactly one of Foee and Fye vanishes, then x (Y1) = 4.
Proof. The proof is identical to the proof of Proposition 4.7. O]

The first case above, where x (Y1) = 5, corresponds to exactly one minor of W vanishing.
This is the case A in Figure 2. The second case, where x(Yw,1) = 4, corresponds to either
the minors in a hook or in a mirror vanishing. These are the cases C and D in Figure 2,
respectively.

Exactly one of F,;, and F,, vanishes, and H =0

Again by symmetry we assume that Fe14 # 0 and Flee = H = 0. We immediately see that
G1(x) = Fyes. Therefore, if Fiee # 0, the quadrics Qp and @7 do not intersect. Otherwise, the
minors in a mirror and H vanish. This implies that the minors in a cubic frame containing
the mirror also vanish. But this contradicts our assumption that )g and (), are nonsingular,
as well as Fy14 # 0. As a result, we conclude the following.

Proposition 4.10. Suppose the quadrics Qy and Q)1 are nonsingular, exactly one of Feie
and Fiee vanishes, and H = 0 and the remaining minors of W do not vanish. Then Qo and
Q1 do not intersect in C* and x (Y1) = 4.

The only case above, where x (Y1) = 4, corresponds to exactly one minor of W and the
hyperdeterminant vanishing. This is the case F in Figure 2.
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F.l.:Fl..:O and H%O

Lemma 4.11. Suppose the quadrics Qo and Q1 are nonsingular. If Fy1e = Flee = 0 and
H #0, then Qy and Q1 do not intersect in C? if and only if Fyee # 0.

Proof. Under the above hypotheses, the quadrics do not intersect if and only if the constant
term wogowi11 — Wi10Woo1 in (5) is not equal to zero. This constant term is the determinant
Wooo Woi0 Wi10

Woo1 Woo1 Wi11
two columns is Fy1, = 0. Since the determinant of the first two columns is Fiee, we conclude

that WoooW111 — W110Wo001 7é 0 if and only if F().. 7é 0. O

of the first and third columns of the matrix } . The determinant of the last

Proposition 4.12. Suppose the quadrics Qg and Q1 are nonsingular, both Fee and Fee
vanish, but H, Fyee and Fape do not vanish. Then Q, and Q, do not intersect in C* and

X(YW,I) =4.

The case in the above proposition, where x (Y1) = 4, has the minors in a hook vanishing.
This is the case C in Figure 2. Note that by Lemma 4.11, if Fy,e = 0 the the quadrics inter-
sect. However, the three vanishing minors form a square cup, and this implies the vanishing
of all the minors in the cubic frame containing the square cup and the hyperdeterminant.
Since we assumed H # 0, we do not consider this case here.

Folo:Floo:H:O

Proposition 4.13. Suppose the quadrics Qy and Q1 are nonsingular and Fye = Flee =
H = 0. This implies that Fyee = Fege = 0. In this case, Qo = ()1 and X(YW,I) = 2.

Proof. 1t is easy to compute that the radical of the ideal (H, Feie, Fiee) : ([] wijk)™ contains
Foee and Fyg,. This implies that the coefficients of f; is a constant multiple of the coefficients
of fo. Hence, Qo = @)1 and the result follows. O]

This last case corresponds to the minors in a cubic frame and the hyperdeterminant
vanishing. This is the case G in Figure 2.

4.2 (o nonsingular and (); singular

Now we assume that Feeg # 0 and F,e; = 0. In other words, Qg is nonsingular but @), is the
union of the lines L; and Ly defined by z = —% and y = —%, respectively. This means

that x(Qo) = —2 and x(Q1) = —1. Again, we need to determine all the possible ways (g
and ), intersect in (C*)?.

F.l. 7é 0, Fl.. 7é 0, and H 7é 0

We start out with pointing out that Lemma 4.4 remains valid even if we relax the condition
on the nonsingularity of ;. Therefore we get the analog of Proposition 4.5.

Proposition 4.14. Suppose )y is a nonsingular quadric and Q1 is a singular quadric.
Moreover, suppose that Fe1e # 0, Flee # 0, and H # 0.
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o [f neither Fyee nor Fege vanishes, then x(Yw1) = 5.
o [f exactly one of Foee and Fye vanishes, then x (Y1) = 4.
o [f both Foee and Fyoe vanish, then x(Yw1) = 3.

Proof. The proof is identical to the proof of Proposition 4.5, except now x(Qo)+x(Q1) = —3.
O

We again point out that the first case above, where x (Y1) = 5, corresponds to exactly
one of the minors of W vanishing. This is the case A in Figure 2. The second case where
X(Yi,1) = 4 corresponds to exactly two minors which form a hook vanishing. This is the
case C in Figure 2. Finally, the third case where x(Yw,1) = 3 corresponds to three minors
meeting at a vertex of W vanishing. This is the case F.

Folo % O, Floo # O, and H=0

Now Lemma 4.6 stays valid except its last statement. The two quadrics intersect in a single
point of multiplicity two: the intersection point of L; and Ly lies on Q9. Moreover, if neither
Foee o1 Fyge vanishes, this intersection point is in (C*)2. If at least one of these vanishes,
we will have the minors of a hook and hyperdeterminant vanish. But then all minors in the
cubic frame containing this hook, including F,eo, are equal to zero. But we assumed that Qg
is nonsingular.

Proposition 4.15. Suppose @y is a nonsingular quadric and @y is a singular quadric. If
only the hyperdeterminant H vanishes, then x(Ywa) = 4.

Proof. Based on the observations above we conclude that x(Qo N @) = —1. n

This case, where x (Y1) = 4, corresponds to exactly one minor of W and the hyperde-
terminant H vanishing. This is the case E in Figure 2.

Exactly one of F,;, and Fi,, vanishes, and H # 0

Without loss of generality, we will assume Fy14 # 0 but Fiee = 0. This time, Lemma 4.8
stays valid with a small modification to its last statement. As before, )y and ) intersect
in a unique point. This point is the intersection of () and L;, and Lo does not intersect
Qo at all. The intersection point is in (C*)? if neither Fy,e nor Fyg, vanishes. Note that if
Foee vanishes we have the three minors of a square cup vanishing. And this forces Foe0 = 0,
implying that () is singular. But we are assuming () is nonsingular. On the other hand, if
Fo0. vanishes, ()g and @) intersect in a unique point on y = 0. Hence, we get the following
result.

Proposition 4.16. Suppose )y is a nonsingular quadric and Q1 is a singular quadric.
Moreover, suppose that Fy1e # 0, Flee =0, and H # 0.

o [f neither Fyee nor Fepe vanishes, then x(Yw.1) = 4.
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o [f Fye vanishes, then x(Yw1) = 3.

Proof. The first case corresponds to the configuration where )y and ()7 intersect in a unique
point in (C*)2. Therefore x(Qo N Q) = —1. In the second case, this unique intersection
point is on y = 0, and hence x(Qo N Q) = 0. O

The first case, where x(Yw,1) = 4, corresponds to the minors of a hook vanishing. This
is the case C in Figure 2. The second case, where x (Y1) = 3, corresponds to three minors
touching a vertex of W vanishing. This is the case F.

The next possibility is where exactly one of Fy1e and Fiee as well as H vanish. However,
both lead to a configuration where the minors of a hook and the hyperdeterminant vanish.
This forces the minors of the cubic frame containing the hook to vanish. However, one of
these minors is F,e0, and therefore )y would be singular; a contradiction to our assumption.
So we skip this case.

F.l.:Fl..:O and H#O

As in Lemma 4.11, if the remaining two minors do not vanish, then Qo and @}; do not
intersect in C2. This is equivalent to L; and L, being the asymptotes of Q.

Proposition 4.17. Suppose the quadric Qo ts nonsingular and Q)1 is singular. Further
suppose that both Fy1e and Fiee vanish, but H, Fuee and Fege do not vanish. Then (Qy and
Q1 do not intersect in C* and x (Y1) = 3.

The above case, where x(Yy,1) = 3, corresponds to three minors touching a common
vertex of W vanishing. This is the case F in Figure 2.

Finally, we see that we need to skip the possibility where Fy1, = Flee = H = 0, since as
before, this forces Qg to be singular.

4.3 Both )y and ); singular

In the last few cases, we need to consider both )y and ()¢ as unions of lines: Qg = K1 UK, =
{fo=—-p2tu{y=—u2tand Q1 = LiULy = {z = -} U {y = — %} Based on
our work in Section 2 and our discussion so far in this section, we note that as soon as a
single extra factor of the principal A-determinant E4 vanishes, then all minors of a cubic
frame containing the minors F,e and F,e1, as well as the hyperdeterminant H vanish. If yet
another one of the remaining two factors vanish, then all factors of E4 vanish. Therefore,
we just have to deal with these three possibilities. We summarize the corresponding result

in the following.
Proposition 4.18. Suppose both quadrics Qg and Q1 are singular.
e If no other factor of E4 vanishes, then x(Yw,) = 4.

o [f Fee = Flee = H = 0 01 Fype = Fo1e = H = 0 and no other factor vanishes, then
x(Ywa) = 2.
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o If all factors of E4 vanish, then x(Yw.) = 1.

Proof. In the first case, Lemma 4.4 implies that Qo and @ intersect in two points in (C*)2.
Since x(Qo) = x(Q1) = —1, we conclude that x (Y1) = 4. The second case corresponds
to the situation where Ky = Ly and Ky # Ly or Ky # Ly and Ky = Ly. Since the Euler
characteristic of a line of the form z =a # 0 or y = b # 0 in (C*)? is 0, we get x (Y1) = 2.
Finally, if all factors of E4 vanish, this forces all coefficients of f; to be a constant multiple
of the corresponding coefficients of fy. Therefore, Qy = Q1, and x (Y1) = 1. n

Now we put together all the results above in the proof of Theorem 1.7.

Proof of Theorem 1.7: When no factor of F4 vanishes the ML degree is maximum possible
and is equal to deg(X;) = 6. By the second case of Proposition 4.5, the first case of
Proposition 4.7, the first case of Proposition 4.9, and the first case of Proposition 4.14
together with the symmetries of our 2 x 2 x 2 tensor W, we see that when exactly a single
factor of E4 vanishes, then x(Yj1) = 5. By the last case of Proposition 4.5, the second case
of Proposition 4.7, the second case of Proposition 4.9, Proposition 4.10, Proposition 4.12,
the second case of Proposition 4.14, Proposition 4.15, the first case of Proposition 4.16, and
the first case Proposition 4.18 together with the symmetries of W, we conclude that the two
minors in every mirror, every hook, and any minor together with the hyperdeterminant can
vanish on their own. This accounts for all (;) pairs of factors of E4. In all of these cases
X(Yiw1) = 4. The only possibilities when exactly three factors vanish appear in the last
case of Proposition 4.14, the second case of Proposition 4.16, and Proposition 4.17. These
are cases when three 2-minors meeting at a corner of the tensor W vanish. By symmetry
there are eight of them and the Euler characteristic is x(Yw,1) = 3. We do not find a
possibility where a subset of four factors of /4 vanish. The only time five factors can vanish
simultaneously is given by Proposition 4.13 and the second case of Proposition 4.18. These
correspond the 2-minors in a cubic frame and the hyperdeterminant vanishing. By symmetry
there are three such cases and then x(Yw1) = 2. We also do not find a possibility where
all but one factor of F, simultaneously vanish. Finally, when all factors vanish we see that

5 Realizability of ML degrees

In this section we give a positive answer to the question of the realizability of mldeg(Xw:,)
by proving Theorem 1.8. Throughout this section, Q) will denote the quadric curve in (C*)?
defined by fi = woor + wiokT + worky + wigzry for k =0,...,n as in (1). In order to prove
the result, we construct a set of scalings W € (C*)*"** whose corresponding arrangement
of quadric curves achieve every possible Euler characteristic. We start with the following
simple corollary.

Corollary 5.1. Let W € (C*)*** be such that W does not cause any 2 x 2 x 3 hyperdeter-
minantal factors of E4 to vanish, then we have the following equality:
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mldeg(Xw,) = (1" x(Yiva) = = | D x(Q) = D 1Q; N Q4
k=0 k=0
7k
Proof. By Corollary 4.1, we need to compute x(QoU@Q;U- - -UQ,,). Using inclusion/exclusion
and the fact that a triple intersection @; N Q; N @y in C? is nonempty if and only if the

corresponding hyperdeterminant H;;, vanishes proves the result. O]

We recall that, for 0 < j # k < n, a choice of W such that Fyi(jx) = Foe(jr) = 0 and no
other relations among their coefficients are satisfied gives us two nonsingular quadrics with
Q; N Qr = 0 in the torus. It follows from Lemma 4.8 that @); and Q) intersect in a unique
point in C? and this point is on y = 0. Likewise, if we pick W such that Feogiky = Fregiky = 0,
then the intersection point is on x = 0. Figure 4 illustrates this situation.

Figure 4: Two nonsingular quadrics Q;, Q) where Fyi(jx) = Foagjp) =0

Definition 5.2. The set altH(n) of alternating hook minors consists of the factors of E4
given by Fei(a,a+1): Foe(a,a+1)> Feovp+1)> Flevp+1) as a ranges over all odd numbers in [n] and
b ranges over all even numbers in [77]. See Figure 5.

Figure 5: The alternating hook minors altH(4)
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The alternating hook minors of 4 enjoy the following nice property.

Proposition 5.3. For any subset S C altH(n) U {Feen}, if W € (C*)*™ is chosen to be a
generic solution to the system given by S, then no other factor of E4 will vanish at W.

Proof. Since S only contains 2 x 2 determinant factors of £4 and it contains no cups as well
as no overlapping minors on a face of W, no other 2 x 2 determinant factors of £ 4 vanishes.
Furthermore, since for any choice of distinct 4, j € [], the subtensor given by the coefficients
of fi, f; makes at most a pair of minors in that subtensor vanish, a generic W cannot cause
any 2 x 2 x 2 hyperdeterminantal factor of F4 to vanish. Lastly, for any pairwise distinct
i,7,k € [n], by Lemma 2.11, we do not have enough minors in the corresponding 2 x 2 x 3
subtensor vanish that would cause the hyperdeterminant H;j, to vanish. O

A consequence of the above result is that we can use Corollary 5.1 to compute
mldeg(Xw,,,) when W satisfies the conditions stipulated by Proposition 5.3.

Lemma 5.4. For any subset S C altH(n)U{Fy.,.}, if W € (C*)*"*4 is chosen to be a generic
solution to the system given by S, then mldeg(Xw,,) = (n+2)(n+1)—| S |.

Proof. We prove this statement by directly counting intersection points and summing Euler
characteristics according to Corollary 5.1. If S contains Fl.,, then > 7, x(Qr) = —(2n +
1), since exactly one quadric is singular. Meanwhile, for every 2-minor in S, the pair of
quadrics whose coefficients overlap with those of this minor will either have one of their two
intersection points on an axis or share an asymptote, meaning that the number of pairwise
intersection points among the quadrics will be ((n+1)n—(]S|—1)). Corollary 5.1 implies that
mldeg(Xw,,) = (n+2)(n+1)—|S|. If S does not contain Fi,,, then > "' x(Qx) = —(2n+2).
By the same argument as for the first case, the number of pairwise intersection points among
the quadrics will be ((n + 1)n — |S]|). Therefore mldeg(Xw.,,) = (n +2)(n+ 1) —|S|. O

Example 5.5. We give an example for n = 2 where we pick S = altH(2) U {F.e2}. Note
that |S| = 5. We use W with quadrics

fo=24z+ 5y + 2zy,
fi =24 2x+ by + 2zy,
fo=14+2+y+zy.

We see that (g and @), are nonsingular while @)y is singular. Therefore, their Euler charac-
teristics are —2, —2, —1 respectively. Figure 6 shows the arrangement of these three quadrics
with two pairwise intersection points in the torus.
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Figure 6: Three quadrics with S = altH(2) U Feo.

We conclude that mldeg(Xw2) = | —2—2—1—2| =7, which is equal to 4 -3 — 5.

Definition 5.6. The feasible set A, C [(n+ 2)(n + 1)] is the subset with the property that
for every a € A, there exists some W € (C*)*™ such that mldeg(Xw,) = .

Lemma 5.7. For alln > 2, A, C A,

Proof. Consider the set of all W such that Wee(n—1) = Ween. Then for any choice of W in
this set, @),, = Q,—_1 and therefore

X Ywn) = (=1)"x (V(fofl ) 0 (C*)2) = (—=1)"x (V(fofl o fam) O (C*)Z) .
]

Proof of Theorem 1.8: We use induction on n, where the base case of n = 1 is covered by
Theorem 1.7. By Lemma 5.7, it suffices to show that {(n+1)n+1,...,(n+2)(n+1)} C A,.
For any o € {(n+ 1)n+1,...,(n+ 2)(n + 1)}, we pick S C altH(n) U {Fe,} so that
|S| = (n+2)(n+1) —« and a scaling W € (C*)* ™ which is a generic solution to the system
given by S. Then by Lemma 5.4, mldeg(Xw,,) = (n+2)(n+1)—((n+2)(n+1)—a) =a. O
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