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ABSTRACT. Lattice polytopes are called IDP polytopes if they have the integer decom-
position property, i.e., any lattice point in a kth dilation is a sum of k lattice points in the
polytope. It is a long-standing conjecture whether the numerator of the Ehrhart series
of an IDP polytope, called the h*-polynomial, has a unimodal coefficient vector. In this
preliminary report on research in progress we present examples showing that h*-vectors
of IDP polytopes do not have to be log-concave. This answers a question of Luis Ferroni
and Akihiro Higashitani.

As this is an ongoing project, this paper will be updated with more details and examples
in the near future.

1. COUNTEREXAMPLES TO THE LOG-CONCAVITY QUESTION

In this note we report on examples found in an ongoing project to search for counter-
examples to questions and conjectures in Ehrhart theory employing methods and heuristics
from machine learning.

Let us recall the main definitions. We refer to [1] for references. A lattice polytope P C R™ is
the convex hull of finitely many lattice points, i.e., elements of Z™. The FEhrhart polynomial
of P is the unique polynomial Ep(t) with Ep(k) = |kP NZ"| for k € N>;. The h*-
polynomial h»(t) of P is defined as the numerator of its Ehrhart generating series:
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where d denotes the dimension of P. For hj(t) = Z?:o hit', we call (h§,...,h}) the
h*-vector of P.

The following properties of lattice polytopes have been intensively studied over the previous
years. We refer to the excellent survey papers [2] and [3]. An IDP polytope (an abbreviation
for lattice polytopes with the Integer Decomposition Property) is a lattice polytope P such
that for every k € N>y each lattice point in kP is a sum of k lattice points in P. We
say, the h*-vector of P is unimodal if hy < h] < --- < h;f > h}k’+1 > .-+ > h} for some
j €10,...,d}. It is called log-concave if h}_ k7, < (h)? for every i € {1,...,d — 1}.
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The following conjecture is currently considered as the main open question in Ehrhart
theory. It is explicitly stated in [3, Conjecture 1.1] and [7, Question 1.1].

Conjecture 1.1. Every IDP polytope has a unimodal h*-vector.

As h*-vectors of IDP lattice polytopes do not have internal zeroes, log-concavity of the h*-
vector implies its unimodality. It is natural to wonder whether one can replace unimodal
by log-concave in the previous conjecture. This is Question 3.9(b) in the paper by Ferroni
and Higashitani [3]. In the following we show that this does not hold. We remark that in
the more general commutative-algebraic setting of h-vectors of standard Cohen-Macaulay
domains, log-concavity had already been disproved in 1993 [5].

Theorem 1.2. Let P C R7 be the lattice polytope given by the convex hull of ey, ..., er
and the following two vectors

(17 _17 _17 _L _17 07 O)
and

(-1,-1,0,0,0,—1,—1).
Then P has the following properties:

(1) P is a 7-dimensional IDP polytope with 9 vertices.
(2) All coefficients of the Ehrhart polynomial Ep(t) of P are positive.
(3) The h*-vector of P is not log-concave:

(h&, ... hE) =(1,2,3,4,5,3,2,1)

The reader may notice that the vertices of the previous example have coefficients in
{1,0,—1}. Our next example shows that in higher dimensions one can even find examples
that are among the very special class of 0/1-polytopes.

Theorem 1.3. Let P C R!? be the lattice polytope given by the convex hull of 0, es, . . ., e12
and the following three vectors in R'2

(1,0,0,0,1,1,1,1,0,0,0,0),
(1,1,1,1,0,0,0,0,0,0,0,0),
(1,0,0,0,0,0,0,0,1,1,1,1).

Then P has the following properties:

(1) P is a 12-dimensional IDP 0/1-polytope with 15 vertices.

(2) Every triangulation of P is unimodular.

(3) P has no quadratic triangulation (i.e., regular, unimodular, flag triangulation)
(4) All coefficients of the Ehrhart polynomial Ep(t) of P are positive.

(5) The h*-vector of P is not log-concave:

(hgv ce 1{2) = (172737475a3a2717070707070)
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As the reader notices from (2), the previous example belongs to an extremely special kind
of lattice polytopes: unimodular polytopes (see e.g. [6]) in the very top of the hierarchy of
lattice polytopes (see e.g. [4]). The reason the project members were looking for counter-
examples in this class is due to the belief of the third author that if Conjecture 1.1 is wrong
it should fail even for very special classes.

The reader might also be surprised by the fact that the above example has the small
number of d+ 3 vertices. This has been the result of applying machine learning techniques,
namely, reinforcement learning, to decrease a measure of log-concavity by locally modifying
polytopes. In all existing runs this led to IDP polytopes with d 4 k vertices, where k& was a
small number, which led us to look at polytopes with this number of vertices more closely.

Finally, let us note that the lattice polytope in Theorem 1.3 comes from a directed graph.
Let us recall (see e.g., [4]) that given a directed graph D = (V, A) one can associate its root
polytope or arc polytope as the convex hull of the columns of its incidence matrix (which is
a |V| x |A|-matrix with entries in {1,0,—1}).

Proposition 1.4. The lattice polytope from Theorem 1.3 is unimodularly equivalent to
the arc polytope of the directed bipartite graph in Figure 1.
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FIGURE 1. A bipartite graph realising the 12-dimensional example.

All properties in these results can be verified using software packages like Polymake, Nor-
maliz, Magma, or SageMath.

We will add more details on the methods used to find these examples in a later version of this
paper. It will also include more examples and observations, discussions on other interesting
properties, and a more systematic report on our ongoing search for counterexamples.
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